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ABSTRACT
The traveling wave tube (TWT) has been a reliable conventional vacuum electron
device (VED) since the 1940s. Researchers, beginning in the late 1980s, extended the
TWT to the relativistic electron beam regime to generate 100s MW power in X-band.
Since the mid-1990s there has been little advancement in the field. Recently, the linear
theory of a multi-stream TWT was published that showed super-exponential amplification properties. This study describes a novel technique for producing multiple
electron beams with energy difference of about 4-31% with comparable currents from
a single cathode at a single potential for a multi-stream TWT. This work presents
a new model of two nested cathodes where two annular electron beams are generated and propagate in a smooth cylindrical pipe immersed in a strong magnetic field.
The two nested cathodes are magnetically insulated coaxial diodes (MICDs). The
vi

simulation results are obtained using the MAGIC particle-in-cell (PIC) code for the
experimental vacuum diode geometry of the SINUS-6 high-current electron beam accelerator at the University of New Mexico (UNM). Results are obtained which are
then (i) compared with earlier experimental results for a single beam, (ii) study the
current-voltage characteristics of two electron beams powered by a single cathode at
a single potential immersed in a strong magnetic field, and (iii) show 4-31% energy
difference with comparable currents between two beams.
The analytically derived results are obtained by extending Fedosov’s solution for
generating a hollow electron beam from an MICD on a cathode stalk in an infinite
magnetic field. Two electron beams are generated and accelerated downstream assuming zero initial kinetic energy of the electrons from the cathodes. Results show both
electron beam currents ranging from 66 A – 2.8 kA with an energy difference ranging
from 4-31% depending on voltages applied from 100 – 600 kV and the geometry of
the two MICDs. An optimal geometry is a crucial factor in achieving the maximum
energy difference between the electron beams for comparable currents. The analytical and numerical simulation results show good agreement. Preliminary experimental
results using the SINUS-6 electron beam accelerator to validate the analytical and
simulation results will be presented. This technique is viable for pulsed power-driven,
relativistic electron beams for a relativistic multi-stream TWT.
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CHAPTER 1
INTRODUCTION

1.1

Introduction and significance of research

Multi-stream electron beam generation has recently been of great interest in high
power microwave (HPM) sources [1–3], especially for a traveling wave tube amplifier
(TWTA) with a slow wave structure (SWS) for efficiency enhancement. Recently, the
linear theory of a multi-stream TWT was published that showed super-exponential
amplification properties [4]. Over the last four decades, the need for high-efficiencybased TWTs, especially in the THz regime [5], has significantly increased for the
application of high power devices specifically for satellite communication systems [6]
[7]. In addition, achieving electron beam energy, possibly greater than 200 keV, is
becoming crucial and a necessity in today’s accelerator technology [8]. This study
presents a technique for generating multiple electron beams with different energies
and comparable currents from a single cathode at a single potential with application
to relativistic TWTs [9], [10].
The TWT came to the limelight at the end of World War II, introduced by Dr.
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Rudolph Kompfner, an Austrian refugee who was involved with British Admiralty at
the time [11]. The very first TWT (helix prototype) was introduced by J.R Pierce at
Bell Laboratories in the USA in 1945 [12]. Figure 1.1 shows a photograph of an early
TWT being held by J.R. Pierce [13]. The application of these types of helix prototype
TWTs was mainly for communications (i.e., satellite relays) [14]. Later, different types
of TWTs (e.g., broadband, narrowband, coupled-cavity TWTs (CCTWTs), etc.) were
developed [15]. The helix TWT started being widely used for broadband ‘Electronic
Counter Measures’ (ECM) and multi-beam ECM transmitters [16].

Figure 1.1: J.R. Pierce holding an early TWT. The photograph is taken from ‘My Work
With Vacuum Tubes At Bell Laboratories,’ by J.R. Pierce [13].

Narrowband helix TWTs are primarily used for satellite communications and
broadcasting systems [17]. High efficiency and long-life time-based TWT transmitters are highly crucial to satellite communications [18]. CCTWTs were developed (at
Stanford University) to produce high power, which later replaced the magnetron in
2
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airborne radar systems [19]. In the modern age, pulsed klystron amplifiers of linear
beam tubes are being used as a substitute for CCTWTs for the application of radar
and uplink transmitters [20]. Cross-field amplifiers (CFAs) are also used in similar
applications [21–24]. On the other hand, large-bandwidth gyro-TWTs are of great
interest for use in radar systems at higher frequencies [25].
Solid-state devices are commonly used for low-frequency applications [26]. For
high power, high frequency applications (typically >3 GHz), conventional tubes (i.e.,
TWTs [27], klystrons [28], magnetrons [29], CFAs [30]) are widely used in radar
communications [31] [32]. These conventional devices include helix or coupled cavity
SWSs, and the velocity of the electron beam is less than the speed of the light in these
types of devices. Therefore, an SWS in these devices is used to slow down the phase
velocity of the RF wave to slightly lower than the electron beam velocity [33]. Thus,
energy transfers from electrons to the RF waves, and this transfer process takes place
whenever the electrons are synchronous with the retarding RF fields [34]. On the other
hand, fast wave tubes, such as high power millimeter-wavelength vacuum electron
devices (HPmmWVEDs), do not slow down RF waves but instead use very high
electron velocities [35]. A brief overview of the applications of high power microwave
(HPM) tubes is shown in Table 1.1.
Figure 1.2 shows an overview of the present state of HPM devices of average peak
power as a function of energy. These devices cover a wide range of applications needing
low or high power, especially for a TWTA. This dissertation work is limited to the
subject of non-conventional TWTs, focusing on understanding the beam dynamics
of multiple electron beam TWTs rather than a single beam TWT. In conventional
linear beam tubes, the electron beam propagates along a straight pipe focused by an
axial magnetic field. In this case, one of the significant physics is that both electric
field and magnetic fields are parallel to the beam axis and electron beam motion
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Table 1.1: Overview of the applications high power tubes [11].

a Phased array search radars at frequencies up to to the C band use solid-state transmitters.
b Twystron is a Varian tradename.
c Radar communications.
d Satcom and satellite TV broadcast bands.

4
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becomes 1D. The significance of the parallel magnetic field, uniform in this case, will
be discussed later in this chapter, which plays an important role in this study.

Figure 1.2: High power microwave source’s peak power vs. energy [2].

Figotin has shown [4] using a linear theory that amplification in a TWT can be
enhanced if it is driven by two or more electron beams with comparable currents
and 10-20% energy difference. For multiple-stream electron beam generation in HPM
sources [36], particularly TWTs, the first challenge is how to generate multiple beams
with different energies and comparable currents from a single cathode stalk at a single
potential driven by a pulsed power generator.
There has been some work done in the past (Chapter 2) that used multiple cathode
sources to produce multiple electron beams in low power microwave sources where
each cathode is powered using a separate power supply at different voltages. However,
for HPM generation using a pulsed power generator [37], it is not practical to use
separate power supplies to individually power separate cathodes. Therefore, we need
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to identify a technique to generate multiple electron beams with different energies
and comparable currents from a single cathode stalk at a single potential. The goal
is to achieve a 10%-20% difference in energies from the two beams with comparable
currents.
The concept of a two-beam amplifier was first proposed by Pierce [38] and Haeff
[39], [40]. But both designs were for low voltages and used separate supplies to power
two cathodes. There are some publications from Bell Laboratories (Hollenberg [41])
and from the Radio Corporation of America (RCA) (i.e., Neergard [42]), where actual
designs of two-beam devices are shown. But they also used relatively low voltages and
two electron guns and, thus, it is easy to implement using two separate power supplies.
Recent publications by Los Alamos National Laboratory [43], [44] describe how the
two-stream instability using counterstreaming electron beams can be used for THz
generation. Another recent work describes a two-electron-gun-powered TWT [45],
but at relatively low voltages.
To our knowledge, the only work similar to ours was published in 1979, but the
earlier work just describes a technique to decrease the current in an electron beam
generated from a low impedance driver [46], [47]. The authors used two nested cathodes to generate two electron beams, but they intercepted the outer beam and used
the lower current inner beam in their application. They calculate the difference in
currents between the inner and outer beams, but do not consider the self-consistent
energies in the two beams. Our work, on the other hand, self-consistently calculates
the currents from, and energies of, two electron beams generated from two nested
MICDs at a single cathode potential for a high power TWT that has not been published elsewhere. Although extensive research has been carried out on high power
technologies [48–50], no single study exists that describes a multibeam TWT amplifier powered by two cathodes on a single cathode stalk at a single potential with
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10–20% energy difference and comparable currents.
One of the greatest challenges in designing an HPM multi-stream TWT amplifier
is how to generate two or more electron beams with different energies and with comparable currents from a single cathode at a single potential driven by a pulsed power
generator. This study presents a novel idea that uses two nested coaxial magnetically
insulated coaxial diodes (MICDs) using the University of New Mexico’s (UNM’s)
SINUS-6 electron beam accelerator [51] to generate two electron beams with 10-20%
energy difference from a single cathode stalk at a single potential with comparable
currents. The details of the SINUS-6 are shown in [52–54] as well as briefly described
in Section 1.2.
The aim of this study is to contribute to this area by exploring the theory, simulation, and experiments of generating two beams with 10%-20% energy difference
and comparable currents for use in a multiple electron beam TWTA, and ultimately,
validate all three methods. The purpose of this study is not to overwhelm readers by
explaining things that are already explained in detail elsewhere. Rather, the author
will touch on some background information, such as an overview of the particle-in-cell
(PIC) code used in simulation or the SINUS-6 apparatus used in experiment, which
will be briefly described in Chapters 4 and 5, respectively.

1.2

SINUS-6 background

The very first high current (30 kA) intense electron beam accelerator was introduced
by Graybill in the late 1960’s [55], [56]. After that, in different laboratories in the
US, research on pulsed, high-current electron beam accelerators with electron beam
parameters continually increasing expanded [57], [58]. Over 30,000 accelerators (in-
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cluding conventional ones) are currently in use worldwide [59]. The majority of these
devices are used in healthcare and in industrial applications. Pulsed power-driven
electron beam accelerators, on the other hand, find their use primarily in areas like
radiography [60] and HPM generation [61]. The NAGIRA radar was based on a
SINUS-class pulsed power-driven backward wave oscillator (BWO) [62]. These high
current accelerators are capable of operating at high repetition rates through the use
of their Tesla transformer technology [63]. It was found that by using a Tesla transformer with a pulse forming line, it is possible to generate pulse-periodic nanosecond
electron beam accelerators of 1-5000 J stored energy and electron energy of 0.2-2 MeV
with 4-40 nanosecond pulse duration and an average beam power > 100 kW [64].
In contrast with traditional electron beam accelerators available at the time, in the
early 1970s, a number of accelerators were developed at the High-Current Electronics
Institute (HCEI) of the Siberian Branch of the Soviet Academy of Sciences under
the leadership of Academician G. A. Mesyats in 1977 and given the name SINUS
[65], which is a Russian acronym for high-current accelerator . These SINUS series
accelerators were developed by the HCEI to perform some practical applications,
including HPM generation [66]. The SINUS-6 is a model of SINUS accelerators
that was built for Prof. Schamiloglu at UNM in the early 1990s as a collaboration
between researchers at the HCEI and UNM [67]. Each of these series of accelerators
has different parameters for different applications. The basic design of all types
of SINUS accelerators is the same. The SINUS-6 can produce 10-15 ns duration
electron beams [68]. The common principle of the SINUS accelerators is quick release
of streaming charged particles as a form of energy that propagates downstream in a
drift tube [69].
The SINUS-6 electron beam accelerator with major components can be seen as
labeled in Fig. 1.3. The main components are charging device (a.k.a as Tesla trans-
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Figure 1.3: The SINUS-6 electron beam accelerator. (The photograph was taken in UNM’s
Pulsed Power, Beams, and Microwaves Laboratory, directed by Prof. Schamiloglu.)

former), energy storage capacitance which is basically a long oil filled coaxial line
(a.k.a as pulse forming line), high voltage two or three electrodes spark gap switch,
tapered transmission line (a.k.a wave transformer), and a vacuum diode. The vacuum
diode is basically a cold explosive emission cathode or plasma cathode and it can be
a planar, coaxial, or conical diode immersed in a strong magnetic field. Details of
these cathodes are described in Chapter 5.
Among other types of cathodes [70], the cold emission cathode is found to be
effective and most useful for high-current accelerators [71], [72]. Typically a coaxial
diode is used in experiments for HPM generation [73]. The thickness of these cold,
annular explosive cathodes is very thin. This thin emitting edge usually generates
electron beams with sufficiently high electric field strength on the cathode’s surface
[74], about 107 V/cm, to cause explosive electron emission. Besides, different types
of materials are used to generate high-current single pulsed electron beams [75], [76].
9
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It is found that graphite explosive emission cathodes show the best performance in
experiments [77], [78].
There are some disadvantages while conducting experiments using these type of
accelerators. The whole process of beam formation, acceleration, and propagation is
invisible from the outside. Most importantly, users cannot be close to the accelerators during operation because of x-ray hazard – they need to be inside the screen
room. There are some complications in terms of taking measurements or related to
diagnostics which are associated with these accelerators. The most challenging part,
probably, is whether the beam is actually formed and aligned before taking any diagnostic measurements (a witness plate diagnostic is typically placed at the end of
the uniform magnetic field region to view the imprint of the electron beam, verifying
formation). In addition, it is challenging to directly measure the beam parameters.
Another disadvantage of these accelerators is that they are large in terms of overall
dimensions (cf. Fig. 1.3) and radiation shielding needs to be put in place where the
electron beam dump is located since electrons, to conserve energy and momentum,
cause the generation of Bremsstrahlung radiation there. Therefore, the diagnostics
(i.e., beam formation, charged particle, beam position, beam current, cathode voltage, RF field, etc.) are very important, as they are termed the “eyes and ears” of the
accelerators.

1.3

Magnetically insulated coaxial diodes (MICDs)

MICD is a terminology meaning magnetically insulated coaxial diode. It is a popular
term dating back to the Soviet Union, and it describes a coaxial cathode immersed
in an axial magnetic field along the tube. A simplified analytic model was developed
by Fedosov et al. in 1977 [79] that describes the electron beam emitted from an
10
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(a)

(b)

Figure 1.4: Photographs of an (a) MICD immersed in a solenoidal magnetic field, and (b)
MICD located inside of the vacuum tube.

MICD. This theory allows us to determine the current-voltage (I − V ) characteristics
of an MICD by ignoring electron motion in the acceleration region. Friedman and
Uri obtained the first experimental results related to an MICD in 1970 [80]. Fedosov
derived the MICD theory for an infinite magnetic field. Later, Belomyttsev [81]
extended the theory for a finite magnetic field. The main advantage of MICDs is they
avoid the need for an anode foil in front of the cathode, which is extremely useful
for applications where the beam can be extracted in a vacuum region. Therefore, the
electron beam needs to be controlled and transported by an external applied magnetic
field [82].
MICDs are the simplest configurations of several kA intense relativistic electron
beam [83] sources.

MICDs are commonly used in almost all relativistic O-type

HPmmWVEDs driven by axially-propagating intense electron beams (e.g., BWOs
[84–87], TWTs [88], [89], and multi-wave or overmoded Cherenkov generators [90]).
MICDs of such HPmmWVEDs are usually tightly integrated with their electrodynamic systems, whose single specific purpose is transformation of relativistic electron
11
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beam’s kinetic energy into electromagnetic energy in the microwave and mm-wave
regime with high power.

1.4

Overview of modeling of MICDs

The dissertation work is organized in three phases: analytic calculations, optimization simulations, and experiments (cf. in Fig. 1.5). Initial studies on generating two
electron beams have been performed using a series of PIC simulations. To understand
the underlying physics of the process of hollow electron beam generation, acceleration, and propagation in a uniform magnetic field from an MICD, first analytical
calculations were performed, and PIC simulations were conducted for a single beam
to validate the results with Fedosov’s theory. Additionally, another benchmark simulation using ICEPIC [91] is performed to clarify the analytically derived Fedosov’s
solution with the results of actual experiments obtained from an MICD driven by
the SINUS-6 accelerator. All computer simulations of an MICD are performed for a
cylindrical cathode with an outer radius of 9 mm and 11 mm, and a grounded cylindrical smooth-walled waveguide with an inner radius 25 mm immersed in a strong
axial magnetic field 3 T for input SINUS-6 voltages ranging from 100-600 kV. Results
of both MAGIC and ICEPIC simulations and subsequent analyses of hollow electron
beam parameters in an MICD show that both the analytically calculated “Fedosov”
potential and “Fedosov” current almost perfectly correlate with results obtained in
numerical simulations for maximum axial kinetic energy distribution of the beam
electrons and transported electron beam current. Comparison of experimental measurements, PIC simulations, and analytical calculations shows very good agreement
between all three [91], [92].
Agreement between simulation, analytical theory, and experiments for a single
12
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Figure 1.5: Overview of the modeling of nested MICDs.

beam helps to further study of understanding the process of nested MICDs, and
electron beam generation, acceleration, and propagation in a drift tube. Two PIC
codes are used in this research. Initially, the 3D simulation tool ‘CST Particle Studio’
PIC solver was used to simulate an annular explosive ring cathode in a straight pipe.
Using CST was a viable alternative compared to other available PIC codes for a quick
check, particularly on a small-scale-based geometry. The purpose of using the CST
PIC solver was to design and investigate whether two electron beams can be produced
from two explosive cathodes in a vacuum cylinder by applying a negative potential
to the cathodes. Then the geometry was assessed numerically and we considered
alternative geometries where two different energies can be achieved in this set-up.
A number of CST simulations were performed based on different shapes of cathodes
which are discussed in Appendix B in this study. No significant energy difference was
found between the electron beams in these simulations. In addition, CST Particle
Studio takes a very long time to run 3D simulations.
Afterwards, the MAGIC PIC code was used to further explore the geometry numerically. The initial MAGIC simulations were performed in 2D using two nonphysical power supplies to power the two cathodes. Another attempt was to use a foil
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made of gold in front of the cathode to decrease one of the beams’ energy to achieve
an energy difference between the inner and outer electron beams. The results from
these simulations point to the probability of a significant amount of energy spread
due to the foil in addition to beam reflection from the foil. In addition, to further
understand this problem, some simulations using the GamBet 2D Monte Carlo were
performed by Dr. Portillo at UNM on different materials (i.e. C, Al, W). The Monte
Carlo simulations revealed that both C and Al can reduce the energy of one of the
beams going through the foil by 15%, but the energy spread due to the foil is large
and the large beam emittance, as a result, could be a major concern. This finding led
us to modify the model by eliminating the foil, and to design and evaluate a geometry
to generate two beams from nested MICDs and compare the results with analytical
calculations and experiment results.

1.5

Novel technique of nested MICDs at UNM

The purpose of this study is to specifically explore the relationship between the
current-voltage and energy-voltage characteristics of intense multiple beam generation from nested MICDs, and their subsequent acceleration and transport in a
smooth cylindrical vacuum channel. In order to gain greater understanding, this
research follows a case study plan, with in-depth analyses of analytical theory and
PIC simulations based on parameters relevant to experimental work. The analytical
and simulation work presented here provide new insights into high power dual-beam
technology.
In phase 1, the analytical derivation was performed by extending the conceptual
framework proposed by Fedosov [79] for a single MICD to two MICDs. Fedosov’s
theory is a well-known theory that calculates the current and energy at the boundary
14
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of an intense thin-walled electron beam immersed in an infinite magnetic field and
transported in a vacuum channel. The theory was extended later by Belomytsev et
al. [81] for the application of finite magnetic field and the estimation of external finite
magnetic field also validates the approximation of an infinite magnetic field. As in
the simulation model, the same geometry of two nested MICDs connected to a single
cathode stalk at a single potential was used to perform the analytical derivation.
The most remarkable finding was that the analytical theory and simulation results
for multiple beam generation match each other extremely well. In both cases, there
is about a 4-31% energy difference between the inner and outer electron beam for
an applied voltage ranging from 100 - 600 kV and for different inner cathode radial
positions.
In phase 2, a case study approach was followed to identify an optimal geometry
from this nested MICD model. There are three main designs used to find the optimal
geometry based on the axial and radial variations of the inner cathode position with
respect to the outer cathode. The first case is where we fix the anode dimension and
the radial and axial position (r, z) of the outer cathode based on the parameters used
on the SINUS-6 electron beam accelerator. To begin with, the inner cathode radius
is assumed to be halfway between the axis at r = 0 and the fixed outer cathode’s
radius. Initially PIC simulations are performed with the inner cathode’s axial position
identical to the outer cathode’s axial position. Then the axial position of the inner
cathode are scanned by increasing it a distance d beyond the axial position of the
outer cathode. In the second case, a similar procedure is followed by sweeping the
inner cathode’s radius by

1
4

and

3
4

of the outer cathode’s radius and scanning axially

with respect to the outer cathode. Our goal was to assess the trends and to identify
the optimal position from these cases where we can achieve comparable currents or
minimum difference in current but maximum separation of energy with more than
10% energy difference between the two electron beams being the goal. The most
15
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striking result from this series of simulations is that the two electron beam currents
are comparable at a particular radial position of the inner cathode for fixed outer
cathode position and the maximum energy difference of about 10% is achieved at that
particular point as well. We will see that this radial position of the inner cathode is
precisely what was found in the analytical theory as well.
An explanation for why two nested MICDs mounted on a single cathode stalk at
a single potential generate two electron beams with different energies and comparable currents is that the electron beam space charge from the outer cathode screens
the inner electron beam emitted from the inner cathode, thereby reducing the inner
electron beam’s energy. To verify this, the opposite configuration is tested where the
inner cathode no longer extends beyond the axial position of the outer cathode. In
this case, we observe that the current from the inner electron beam reduces to zero
and the current from the outer electron beam increases to the Fedosov current for a
single MICD.
In phase 3, given the constraints, it was not possible to complete the planned
experiments. The completed part of the experiment - (i) all cathodes with different
diameters were fabricated as mentioned in the analytic and simulation sections, (ii)
maximum electron beam current extracted from a single beam was measured using a
Rogowski coil placed at the input of beam source, (iii) emitted current is measured
by a Faraday cup (FC) placed at a certain distance from MICDs to the output end of
the vacuum tube, and (iv) two concentric beam rings were observed from the nested
MICDs.
The total process of the generation of a high-current electron beam from MICDs
in the drift space can be divided into three regions (cf. in Fig. 1.6). This dissertation
work particularly focus on regions 2 and 3. Region 1 is explained briefly in Chapter 5,
where the accelerating voltage is applied to the MICDs for electron beam generation
16
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Figure 1.6: Schematic of the SINUS-6 electron beam accelerator showing 3 regions of beam
formation, transport, and beam diagnostics.

and measured upstream in the oil-filled line using a capacitive voltage divider. In
region 2, the beam is formed after it is emitted from the edge of the MICD and
transported downstream in the smooth cylindrical waveguide immersed in a strong
magnetic field. In region 3, a ‘FC array (FCA)’ is set-up at the end of the output
window in such a way to obtain electron beam current from each beam separately.
The goal here is to measure the maximum in pulsed electron beam current by dumping
the electron beam into the FCA at some distance from the cathode. Once the current
from each beam is known, a very small aperture 0.1 mm diameter will be placed in
front of the FCA to measure the electron current density of each beam. The energy
of the two beams can be estimated from the current densities measured by the FC.
These experimental measurements will then be shared with our MURI collaborators
at UC Irvine and will inform the beginning of a TWT design using the SINUS-6
electron beam accelerator.
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1.6

Scope of dissertation

Our knowledge of two-beam high power amplifiers is primarily based on very limited
publications on the subject. This study aims to broaden the present understanding
of this field and develop a model of a device capable of generating two electron beams
with 10-20% energy difference and comparable currents from a single high power
cathode stalk at a single potential. The initial goal was to develop an analytic theory
by reviewing the existing MICD theory for a single beam formulated by Fedosov
that calculates the electron beam current and electron beam potential at the electron
boundary of an MICD. Reviews of existing MICD theories can be found in Section
3.1.
This study focuses on the modeling and simulation of how to generate two electron
beams with 10-20% energy difference and comparable currents from a single cathode
stalk at a single potential. Generating multiple beams with different energies and
comparable currents from a single power supply will be a breakthrough for the HPM
community. The ultimate goal in this study is to enhance innovation in the electron
beam accelerator community by designing a nested cathode with a given potential of
up to 400-600 kV that can generate 10-20% energy difference and comparable currents
of about 2-3 kA from a single cathode stalk at a single potential for application to a
high power TWTA.

1.6.1

Chapter organization

The dissertation outlines in the following manner:
Chapter 1 - Introduction and Significance of Research: This chapter de-
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scribes the significance of the research of multibeam generation for application in
TWTs, a short review of applications of conventional TWTs, an overview of a dualbeam-driven TWT and why it is important to study this topic.
Chapter 2 - Literature Review: This chapter reviews the literature of conventional multi-beam TWTs and their applications.
Chapter 3 - Theoretical Considerations: This chapter illustrates the geometrical configuration of nested MICDs and presents a step-by-step mathematical
derivation of the key results.
Chapter 4 - Particle-in-Cell Simulations: This chapter depicts the problem
geometry of the simulation model in MAGIC, the 2D (2-dimensional) and 3D (3dimensional) PIC code that is validated by analytical calculations.
Chapter 5 - Preliminary Experiments: This chapter presents a brief description of key components of the SINUS-6 electron beam accelerator, a detailed
description of the hardware part, describes the diagnostic set-up at the output vacuum window, and reviews preliminary experimental results.
Chapter 6 - Analysis of Results: This chapter presents the results and analyzes
the results from analytical theory, PIC simulations, and experiments.
Chapter 7 - Conclusion and Future Work: This chapter concludes the study
by summarizing the results and suggesting future work.
Appendices - The appendices (Appendix A, Appendix B) contain detailed mathematical derivations and a set of data including diagrams, simulation results, and
experimental results pertinent to the dissertation work, but are excluded from the
document’s main body to avoid clutter.

19

CHAPTER 2
LITERATURE REVIEW

To-date, there has been very little work done on dual-beam amplifiers. More importantly, related to the subject of multibeam generation, most of the research focuses on
two cathodes powered by two different power sources. Hence, it is easy to implement
two separate power supplies.
The very first two-stream amplifiers were proposed by Pierce and Haeff at about
the same time, as can be seen in Figs. 2.1 and 2.2. In addition, a mathematical analysis
of a two-stream growing wave tube amplifier was published by Neergard [42]. The
Pierce design was a two-stream driven amplifier installed with two separated coaxial
tubular cathodes connected to two separate power supplies. An input resonator R1
with an input line L1 is set-up at a certain distance in front of the cathodes and
similarly an output resonator is installed at the end of the tube to collect the output
power. The electron beams emitted from the cathodes with different velocities pass
through the grids of the input resonator. Therefore, the space charge wave grows
in the space between the input resonator and output resonator. The output power
is collected by the output line L2 as can be seen in the original structure (cf. in
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Figure 2.1: Two-stream amplifier designed by Pierce [38].

Fig. 2.1). The literature has highlighted brief theoretical calculations to compute
the two-stream amplifier’s gain by emphasizing the separation of the two-streams.
However, the theoretical study shows this device is effective for low voltages of on the
order of 1 kV connected with two separate power sources.
In contrast, Haeff’s work shows a theoretical and an experimental study to generate high-frequency energy without using any resonant circuit or separate waveguide
structure. Like Pierce, Haeff also used two separate cathodes in a long drift tube
(hollow tube) to generate two beams with two different velocities by using two separate power supplies. The calculation of gain was obtained by adjusting the potential
between the cathodes and the anode potential. The configuration can be seen in
Fig. 2.2.
A design similar to ours with two annular cathodes to generate two electron beams
by Hollenberg [41], but for low voltages and using two separate power supplies is shown
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Figure 2.2: Two-stream amplifier designed by Haeff [39].

in Figs. 2.3 and 2.4. In this experimental study, two hollow tubular beams are used,
and two streams interact with each other with different velocities. As can be seen in
Fig. 2.4, the interaction happens at relatively low voltages (from 50 to 60 V) in the
double-stream interaction region as labeled.

Figure 2.3: Two-stream traveling wave tube designed by Hollenberg [41].

In related work, a detailed theoretical study on the diocotron instability and its
growth rate was developed by Chen and Palmadesso (cf. in Fig. 2.5). The config22

Figure 2.4: Two-stream helix traveling wave tube designed by Hollenberg [41].

uration is a simple geometry with two ring type beams inserted in a hollow tube
in a strong uniform magnetic field. The article presents a detailed theoretical and
numerical analysis of the two-ring based beam geometry.

Figure 2.5: Two beam device designed by Chen and Palmadesso for studying the diocotron
instability [93].

The approach that we are pursuing to generate two coaxial electron beams with
10-20% energy difference and comparable currents is based on two nested MICDs.
Therefore, Fedosov’s solution provides the theoretical foundation for its analytical
23

Figure 2.6: The original MICD geometry used by Fedosov in his calculation [79].

study. Fedosov’s solution is based on a simple coaxial diode based geometry as can
be seen in Fig. 2.6. A thin coaxial cathode (thickness ∼ hc ) is inserted into a tube.
The radius of the anode is Ra , the radius of the cathode is Rc , which includes the
thickness of the beam, as shown in Fig. 2.6. There is no foil in this configuration and
the entire system is immersed in a uniform external magnetic field. Fedosov developed
a simplified analytic (magnetically insulated diode) MID theory that provides MID
I − V characteristics without consideration of electron motion in the acceleration
region.
In Fedosov’s calculation, the cathode is at ground potential and the anode is
biased to a positive high voltage. Fedosov calculates the electron beam current and
energy with a given potential in the system by taking into account the two boundary
conditions at the anode and cathode: at the anode, γ = γa = constant and at the
cathode, γ = 1. By assuming a very thin beam, and self consistently solving Poisson’s
q
equations Fedosov’s final solution gives the relativistic factor γb = 14 + 2γa − 12 at
the external boundary of the beam in the tube. γb basically determines the current
√
2
(γa −γb ) γb2 −1
Ib = I0 2γb ln( ra ) and energy Ek = cη (γb − 1) of the electron beam emitted from
rb
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the MICD [26]. Therefore, Fedosov’s calculation tells us what the beam current and
energy generated from a coaxial cathode for both the relativistic and non-relativistic
cases.
Recent work on a two-electron gun-powered TWT can be seen in Fig. 2.7 where
two beams interact with each other for amplification and generation of microwaves
radiations. According to the authors, two electron beams collide with one another
with different velocities, and this leads to microwave generation and amplification in
the longitudinal interaction region with internal feedback to the flow [45].

Figure 2.7: Two-stream TWT amplifier designed by Mozgovoi et al. [45] where two electron
beams (middle blue is longitudinal beam and side blue beam is a passing beam) collide with
each other with different velocities.

A publication by LANL [94] describes how the two-stream instability is used in a
two-stream amplifier in the THz regime (cf. Fig. 2.8). This design is slightly different
from other conventional two-stream designs. In this case, two separate electron guns
with slightly different energies are injected into the device and amplification due to
the two-stream instability occurs in the interaction region, as can be seen in Fig. 2.8.
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Figure 2.8: Two-stream amplifier designed by Carlsten et al. [94].

Again, this is also for low voltages and two separate power supplies are used to
generate the two beams.

Figure 2.9: Two electron guns designed by Neben et.al where (a) two electron guns (middle
blue is from inner cathode, red beam is from other cathode) with respect to the beam line
and focusing solenoids, and (b) the cathode design, independently separated with inner (blue
beam) and outer (red beam) shields in relation to the anode [44].

A very similar design of two coaxial beams nested in each other but independently
separated with inner and outer shields is described by Neben et al. [44] (cf. in Fig. 2.9).
This nested configuration is designed for broadband millimeter-wave RF applications
utilizing the two-stream instability at low energies. The configuration seems to use
confined flow focusing (magnetic flux threads through nested cathodes) rather than
26

Brillouin focusing, where magnetic fields are only introduced at the gun exit.
In the next chapter we delve into the analytical derivation for two nested MICDs.
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CHAPTER 3
THEORETICAL
CONSIDERATIONS

Intense electron beam formation in a vacuum drift tube is a complicated process [95]
due to the strong space charge and self magnetic field of nanosecond pulsed duration
electron beams, and intensive study on this field is still ongoing [96], [97]. In addition,
space-charge-limited (SCL) current needs to taken into account. The SCL current
is one of the most important phenomena in charged particle beams, especially in
the relativistic case [98]. An analytic theory for the SCL current for a relativistic
electron beam in a drift tube was developed in the 1970s [99]. A recent study on the
partial SCL current for an edge-type MICD by Belomyttsev et al. [100] develops a
mathematical basis that agrees with the previous theory and experimental results.
The SCL current for a finite length drift tube has recently been studied by [101],
[102]. In addition, a detailed analytic theory of the SCL current of a relativistic
annular beam in a vacuum or smooth cylindrical waveguide (similar problem geometry
illustrates in Fig. 3.1b) is briefly discussed in the books by Miller [57] and Tsimring
[26].
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A comprehensive study of the SCL current for the fully relativistic case is beyond
the scope of this dissertation. This study, rather, focuses only on the possibility of
the formation of two electron beams with different energies and comparable currents
from a cathode at a single potential powered by a single power supply. Therefore,
this section reviews the existing simplified analytic theory of an MICD by Fedosov et
al. [79]. Simulation results from PIC codes and previous experimental results are also
discussed following the MICD derivation. After reviewing the theory of an MICD for
a single beam, the analytical derivation is extended for two nested MICDs. Results
from PIC simulations and preliminary experimental results are also presented for
validation.

3.1

Review of the theory for a single MICD

Fedosov basically modified and simplified the analytic theory of a magnetically insulated diode (MID). The theory allows us to obtain the I −V relationship by neglecting
electron motion in the acceleration region and he assumed the magnetic field to be
infinite. The theory was later extended by Belomytsev et al. for the application of a
finite magnetic field and the estimation of external finite magnetic field also validates
the approximation of an infinite field [81].
The geometry of the MICD problem can be seen in Fig. 3.1. The author followed
the notation for a cylindrical coordinate system (ρ, ϕ, z) (cf. in Fig. 3.1a) according to
the ISO [103] standard. Figure 3.1b shows the axisymmetric cylindrical configuration
for intense electron beam formation and propagation down the cylindrical tube with
an external applied magnetic field parallel to the beam axis where cylindrical coordinates (ρ, ϕ, z) show that the z−axis is the symmetry of the geometry and Fig. 3.6
shows the schematic of MICD as labeled.
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(a)

(b)

(c)

Figure 3.1: (a) Cylindrical coordinates followed for the geometry problem, (b) axisymmetric cylindrical configuration assuming intense electron beam propagation down the cylindrical tube with an external applied magnetic field strength parallel to the beam axis; cylindrical
coordinates (ρ, ϕ, z) show that the z−axis is the symmetry of the geometry, and (c) MICD,
cylindrical polar coordinates (r,θ) employ the z−axis coinciding with the symmetry axis. 1.
Anode; 2. Annular Cathode; 3. Input Port; 4. Electron Beam; 5. Output Port.

Consider a very thin annular beam with radius rb and a cylindrical anode (conductor) with radius ra . The thickness of the beam must be much less than both the
beam radius rb and the gap rg between ra and rc . Theoretically, in Fedosov’s [79]
calculation, the potential at the cathode’s surface is taken as zero and the potential of
the cylindrical surface as φa . Therefore, the potential difference between the anode’s
and cathode’s surface will be ∆φ, as shown in Fig. 3.1c. The electron beam propagates through the cylindrically symmetric drift tube with velocity vbz and non-zero
z−components of electron space charge density jz = −ρz vbz , where jz is the constant
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current density of the electron beam. An infinite uniform magnetic field is applied
longitudinally to the beam axis. Since the motion of the electron in the acceleration
region is not considered [79], [81], in this case the electron beam motion is 1-D (i.e,
vρ = vϕ = 0). We start with Poisson’s equation [104] (from Maxwell’s equation in
free space and for the electric potential φ),

∇·E=

ρ
,
ϵ0

E = −∇φ

ρ
∇2 φ = − .
ϵ0

(3.1)
(3.2)

Equation 3.1 can be expressed in a cylindrical coordinate system as
1 ∂
r ∂r



∂φ
r
∂r


+

1
1 ∂ 2φ ∂ 2φ
+ 2 = − ρ(r, θ, z).
2
2
r ∂θ
∂z
ϵ0

(3.3)

In Eq. 3.3, all of the physical quantities are assumed to be time dependent, and
therefore, the continuity equation tells us that the current density can be written in
the form of electron velocity times electric potential as j(z) = −e0 n(z)v(z), which is
a constant. Here, j(z) is the current density in ampere per square meter (A/m2 ), e0
is the elementary electron charge in Coulombs (C), n(z) is the electron density in per
cubic meter (m−3 ), and v(z) is the the axial velocity in metres per second (m/s).
According to the conservation of energy, where the potential energy plus particle
kinetic energy must be equal to the applied cathode/diode potential [57],

e0 φ(r) + (γ − 1)mc2 = −eφc ,

where γ =

m
me

(3.4)

and φc are at a negative cathode potential. Rewriting the variables φ
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and γ in terms of η, where η = e0 /me and v respectively, we obtain

φ(r) =

c2
(γ − 1).
η

(3.5)

The relativistic mass is given by
me
m= q
1−

.

(3.6)

v2
c2

Therefore,
1
γ=q
1−

,

where

v2
c2

m
= γ,
me

(3.7)

or
r
1
v = c 1 − 2.
γ

(3.8)

We will also need the relativistic momentum equation, given by

p = mγv

(3.9)

p
p = mc γ 2 − 1.

(3.10)

or

The beam equations and the boundary conditions for the geometry of the problem
are given by
(∇ × E)θ = 0

(3.11)

∂Er ∂Ez
−
=0
∂z
∂r

(3.12)

dp
= −e0 Ez
dt

(3.13)

j = −ρv

(3.14)
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(Ez )r=rc ,z<0 = 0

(3.15)

(p)r=rc ,z=0 = 0

(3.16)

(φ)r=rc ,z<0 = φc = 0

(3.17)

(φ)r=ra = φa .

(3.18)

To obtain the electric field in the axial and radial direction, we can relate Maxwell’s
equation 3.1 with the momentum equation 3.13. The resultant equation is

− e0 Ez (∇ · E) =

ρ dp
.
ϵ0 dt

(3.19)

Assuming a steady-state solution when the electron beam velocity does not vary with
time, v =

dz
,
dt

and substituting Eq. 3.14 into 3.19 results in

Ez (∇ · E) = −

−j/v dp dz
j dp
·
=
.
e0 ϵ0 dz dt
e0 ϵ0 dz

(3.20)

Using the identity
⃗ = ∇ · (f A)
⃗ −A
⃗ · ∇f,
f∇ · A

(3.21)

the left hand side of Eq. 3.20 can be rewritten as

⃗ −E
⃗ · ∇Ez .
Ez (∇ · E) = ∇ · (Ez E)

(3.22)

For a cylindrical polar coordinate system (r,θ,z)
⃗ = 1 ∂ (rAr ) + 1 ∂Aθ + ∂Az
∇·A
r ∂r
r ∂θ
∂z
∇f =

∂f
∂f
1 ∂f
r̂ +
θ̂ +
ẑ
∂r
r ∂θ
∂z
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(3.24)
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so that the right hand side of Eq. 3.22 can be rewritten using Eqs. 3.23 and 3.24 as

Ez (∇ · E) =

1 ∂
1 ∂
∂
(rEz Er ) +
(Ez Eθ ) + (Ez Ez ) − (Er r̂ + Eθ θ̂ + Ez ẑ)·
r ∂r
r ∂θ
∂z "
#
∂Ez
1 ∂Ez
∂Ez
r̂ +
θ̂ +
ẑ . (3.25)
∂r
r ∂θ
∂z

Assuming azimuthal symmetry, Eq. 3.25 reduces to
"
#
1
∂
∂
∂E
∂E
z
z
⃗ =
Ez (∇ · E)
(rEz Er ) + (Ez Ez ) − (Er r̂ + Ez ẑ) ·
r̂ +
ẑ
r ∂r
∂z
∂r
∂z

(3.26)

and
⃗ =
Ez (∇ · E)
⃗ θ=
Since (∇ × E)

∂Er
∂z

−

∂Ez
∂r

1 ∂
∂
∂Ez
∂Ez
(rEz Er ) + Ez2 − Er
− Ez
.
r ∂r
∂z
∂r
∂z
= 0, we replace

∂Ez
∂r

with

⃗ = 1 ∂ (rEz Er ) + ∂
Ez (∇ · E)
r ∂r
∂z



∂Er
∂z

(3.27)

and Eq. 3.27 becomes

Ez2 − Er2
2


.

(3.28)

Using
⃗ = 1 ∂ (rAr ) + ∂Az ,
∇·A
r ∂r
∂z

(3.29)

where
Ar = Ez Er

 2
Ez − Er2
Az =
2

(3.30)
(3.31)

and substituting Eq. 3.29 into Eq. 3.20 results in
⃗ = j dp .
∇·A
e0 ϵ0 dz

(3.32)

To integrate Eq. 3.32, let us assume we are going to perform a surface integration
over the volume of the vacuum space between radii rc and ra and cross section z1 and
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z2 , including the beam (cf. in Fig. 3.1c). By using Gauss’s theorem
‹

˚
(∇ · A) dV =
V

A · n̂ dS

(3.33)

A · n̂ dS

(3.34)

A · n̂ dS

(3.35)

S(V )

˚

‹

j dp
dV =
e0 ϵ0 dz

V

S(V )

1
e0 ϵ0

˚

‹

dp
j dV =
dz

V

S(V )

and assuming azimuthal symmetry, Eq. 3.35 reduces to
1
e0 ϵ0

‹

dp
j · dS =
dz

I

I
(A · n) dP =

P

S(V )

An dP,

(3.36)

P

where P is the perimeter of the problem, n̂ is a vector normal to the perimeter
boundary, An is the component of vector A normal to the perimeter boundary, and
the integral in the right hand side of Eq. 3.36, which is the integral around the
perimeter of the problem, may be represented as the sum of five line integrals taken
counter-clockwise around the perimeter of the problem, starting from the point (z =
z1 , r = ra ),
I

Z

rc

An dP = −
P

z0

Z
Az=z1 dr +

z2

Z
Ar=rc dz +

ra

z1

Z

Ar=rb dz+
z0

ra

Z

z1

Az=z2 dr −
rc

Ar=ra dz,

(3.37)

z2

where rb is the beam radius, which is equal to the cathode radius rc in the strong
magnetic field approximation. Considering that Ez = 0 over the cathode and anode
surfaces, which results in Ar = 0 in Eq. 3.30, nullifying the second and fifth integrals
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in Eq. 3.37, which results in
rc

Z

I
An dP = −

Z

z2

ra

Az=z2 dr.

Ar=rb dz +

Az=z1 dr +

(3.38)

rc

z0

ra

P

Z

Substituting Eqs. 3.31 and 3.30 into Eq. 3.38 results in
I

Z

rc



An dP = −
ra

P

Ez2 − Er2
2



Z

z2

dr +
z0

z=z1

Z

ra



+
rc

(Ez Er )r=rb dz

Ez2 − Er2
2


dr.

(3.39)

z=z2

Assuming that Ez = 0 for z = z1 and z = z2 if z1 and z2 are sufficiently far from the
plane z0 = 0, Eq. 3.39 reduces to
I

Z

rc

Er2
2



An dP = −
P

ra



z2

Z

Z
(Ez Er )r=rb dz −

dr +
z=z1

z0

ra

rc



Er2
2


dr. (3.40)
z=z2

The second integral on the right hand side of Eq. 3.40 is small for thin beams
hc ≈ hb << rc , ra , ra − rc . The volume integral of the right hand side of Eq. 3.32 is
1
e0 ϵ0

Z
V

dp
1
j dτ =
dz
e0 ϵ0

z2

Z
0

dp
dz
dz



Z

j dσ =
S

Ipb
.
e0 ϵ0

(3.41)

Boundary conditions: Assume that the initial momentum p(0) = (p)z=0 = 0 and
pb = p(z2 ) = p2 is the electron momentum far from the MICD z2 >> rc , ra . Neglecting
the final integral in Eq. 3.40, we obtain
Z

ra

rc

2
Er1
r dr

Z

ra

−
rc

2
Er2
r dr =

Ib pb
e0 ϵ0

(3.42)

since the cross-section z = z1 and z = z2 geometrically is similar to a uniform coaxial
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line. The electric field at the plane z = z1 is

Er1 =

φa
 
r ln rrac

(3.43)

and the electric field in the plane z = z2 is

Er2 = −

Ib
.
2πrvb ϵ0

(3.44)

To find Ib , we need to find the potential difference across the beam-tube gap
Z

ra

φa − φb = −
rb

Ib
Er2 dr =
ln
2πrϵ0 vb



ra
rb


,

(3.45)

where the beam radius is equal to the cathode radius, rb = rc . Thus, the beam current
is given by

Ib =

(φa − φb )2πϵ0 vb
 
.
ln rrab

(3.46)

Notice that Eq. 3.46 depends on the beam potential. Therefore, from Eq. 3.5,

Ib =

Using vb =

c
γb

2πϵ0 vb c2 (γa − 1)(γb − 1)
 
.
η ln rrab

(3.47)

p
γb2 − 1,

p
p
(γa − γb ) γb2 − 1
c3 (γa − γb ) γb2 − 1
 
 
Ib = IF = 4πϵ0
= IAlfven
η
2γ ln ra
2γ ln ra
b

b

rb

.

(3.48)

rb

Equation 3.48 is the beam current (a.k.a Fedosov current), which is the ideal current
3

IAlfven = 4πϵ0 cη , γa = 1 +

e0 φa
me c2

for a given potential φa , which depends on γb and
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γa . Replacing Er1 , Er2 , Ib in Eq. 3.42 we find the relativistic factor γb at the external
boundary of the beam, given by
Z

ra

rb





 φa   r dr −
r ln rrac

Z

ra

rb



p

Ib
4πϵ0 c3 (γa − γb ) γb2 − 1 pb
 
−
r dr =
2πrvb ϵ0
η
πe0 ϵ0
2γ ln ra
b

rb

(3.49)
(γa − 1)2 − (γa − γb )2 =

2(γa −

γb )(γb2
γb

γb2 + γb − 2γa = 0

− 1)

(3.50)
(3.51)

and, finally
s
γb =


1
1
+ 2γa −
4
2

.

(3.52)

This expression for γb [79] gives us the ultimate solution of what is the beam current
(in Fig. 3.1c) and energy of a thin electron beam propagating in a smooth cylindrical
long drift tube.
Equation 3.48 is our desired electron beam current (a.k.a Fedosov [79] current).
Once we know the electron beam current Ib , we can find the electron beam energy
(a.k.a Fedosov potential) from Eq. 3.46 or from the well known equation Ek = φb =
(γb − 1)me c2 .

3.1.1

Space-charge-limited current

As mentioned earlier, space charge effects on intense relativistic electron beams are
complicated processes and this chapter will be limited to studying a beam generated
from an MICD. Space charge is limited by the electrostatic potential depression associated with the unneutralized beam space charge [57], as can be seen in Fig. 3.2.

38

3.1. REVIEW OF THE THEORY FOR A SINGLE MICD

In the case of an MICD, the generated electron beam is very thin and propagates in
a long smooth cylindrical waveguide with radius ra and the thickness of the beam
must be less than both the beam radius and anode radius. Thus, the electrostatic
potential will be constant across the thin beam and Eq. 3.3 reduces to a homogeneous
solution [99].

(a)

(b)

(c)

Figure 3.2: (a) Beam space formulation in a typical MICD [26]. (b) The electric field points
from anode down to the cathode. (c) Schematic of the current set-up of the electron beam
accelerator at UNM showing three regions of the electron beam to be thoroughly studied.

The mathematical derivation of the SCL current in the case of an MICD follows from the previous section’s analysis from Poisson’s equation, the conservation
of energy, the continuity equation, and the boundary conditions that require the net
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electric field at the cathode to be zero. Poisson’s equation reduces to 1D as
d2 φ(z)
e0 n(z)
,
=
2
dz
ϵ0

(3.53)

where φ(z) is the potential in volts, e is the elementary charge, n(z) is the electron
density in cm−3 , and ϵ0 is the permittivity of the free space. According to the conservation of energy,
1
e0 φ(z) = me [v(z)]2 ,
2

(3.54)

where me is the electron mass and v(z) is the electron velocity in m/s. According
to the continuity equation, the current density j is constant and independent of z.
Thus, j at a point z can be be written in terms of the space charge density n(z),
electron charge e0 , and the velocity v(z), as

j = −e0 n(z)v(z).

(3.55)

Taking the second derivative of the potential φ(z) in Eq. 3.55 with respect to z yields
d2 φ(z)
j me 1/2
=
−
(
) φ(z)−1/2 .
dz 2
ϵ0 2e0

(3.56)

Equation 3.56 needs to be integrated twice to obtain the current density j which was
first calculated by Child as [105]

j(z) = 2.33 × 10−6 φ(z)3/2 z −2 .

(3.57)

Child’s equation 3.57 was later independently derived and applied to electron beams
in high vacuum by Langmuir [106]. Multiplying both sides of Eq. 3.57 by the area of
the cathode gives the electron current across a finite planar diode. Use of this ChildLangmuir relationship to find the total SCL current density applies if the cathode
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radius is much bigger than the anode-cathode gap. This requirement is necessary to
reduce edge effects. However, in many cases, assumptions which allow this derivation
are physically unrealistic. To understand fully, each assumption needs to be carefully
considered. The SCL current derivation was extended for the relativistic case for an
infinite planar diode in [107], [108]. In addition, Poisson’s equation for relativistic
velocities in terms of elliptic integrals was derived by [109]
1 ∂ ∂φ
(r ) = 0.
r ∂r ∂r

(3.58)

Details of the derivation of Eq. 3.58 can be found in [99].
To calculate the SCL current for this specific MICD geometry (cf. Fig. 3.2a),
taking the derivative of Eq. 3.48 with respect to γb yields
"
#
p
∂IF
2πϵ0 c3
(γa − γb ) γa γb2 − 1
  p
.
=
−
∂γb
γb2
γb2 − 1
η ln rrab
Letting

∂IF
∂γb

(3.59)

= 0 to obtain maximum current IF ,
"

3

2πϵ0 c
(γ − γb )
  pa
−
ra
γb2 − 1
η ln rb

γa

#
γb2 − 1
=0
γb2

p

p
γa γb2 − 1
(γa − γb )
p
=
γb2
γb2 − 1
γa = γb3

(3.60)

(3.61)

1

or

γb = γa3 .

(3.62)

In Eq. 3.48, the current is zero when either γb = 1 (full potential depression) or
γb = γa (zero potential depression). Therefore, the maximum current occurs when
1

1

γb = (γa ) 3 (cf. in Eq. 3.62). Replacing the condition γb = γa3 in Eq. 3.48 gives the
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maximum or SCL current,

Imax = Iscl =

2πϵ0 c3
  (γa2/3 − 1)3/2 .
η ln rrab

(3.63)

The theoretically calculated electron beam energy (a.k.a Fedosov potential), electron beam current (a.k.a Fedosov current), and SCL current as a function of applied
voltage are shown in Fig. 3.3.

Figure 3.3: Analytically calculated Fedosov current and energy for an MICD. The black,
red, and blue lines show the calculated electron beam energy, beam current (Ib ), and SCL
current (Iscl ), respectively, for applied voltages ranging from 0 - 600 kV. Here, Iscl > Ib .

A comparison of the analytic and simulation results are shown in Figs. 3.4 and
3.5.
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Figure 3.4: Analytically calculated electron beam energy (black) and simulated energy
from MAGIC simulations (blue filled circle) for applied voltages ranging from 0 - 600 kV.

Figure 3.5: Analytically calculated electron beam current (red dash), SCL current (black
dot), and simulation current (blue circle) for applied voltages ranging from 0 - 600 kV.
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3.2

Extension of Fedosov’s calculation to two nested
MICDs

This section presents the extension of Fedosov’s [79] analytic MICD theory to two
nested MICDs. Our goal is to find a simplified analytical solution for two nested
MICDs that will validate simulation results and ultimately both theory and simulation
will be validated by experiments. Comparison of the results of theory and simulations
of nested MICDs are also presented at the end of this section. Chapter 4 will present
details of the PIC simulations.
Figure 3.6a shows the geometry set-up in the r − z plane for two nested MICDs
as labeled. The design parameters of the MICDs are listed in Table 3.1. We follow a
similar approach to what was used in Fedosov’s [79] calculation for the mathematical
derivation for two nested MICDs. Consider two very thin annular beams with radius
rib (‘inner’ ), rob (‘outer’ ) and a cylindrical anode (conductor) with radius ra that are
immersed in an infinite magnetic field. The thickness of the beams hib = hob =
hb must be much less than both the beam radius rob and the gap between ra and
roc . Theoretically, the potential at the cathode’s surface is taken as zero and the
potential of the cylindrical surface as φa . Therefore, the potential difference between
the anode’s and cathode’s surface will be ∆φ, as shown in Fig. 3.6a. Both electron
beams are injected with the same potential and propagate through the cylindrically
symmetric drift tube. Assume that an electron leaves the outer emitter with initial
velocity vzob , mass me , and charge density jzob = −e0 neob vzob . Similarly, an electron
leaves the inner cathode with initial velocity vzib , mass me , and charge density jzib =
−e0 neib vzib , where jzob and jzib are the constant current densities of the outer and
inner beams, respectively. Our assumption for the two nested MICDs is that the
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Table 3.1: Design parameters of two nested MICDs in a vacuum tube.

Inputs

Outputs

Design Parameters

Symbols

Values

Units

Anode potential

φa

100-500

kV

Cathode potential

φc

0

kV

Parameters

Units

Iib

a

A

Iob

b

A
unitless
unitless

Anode radius

ra

2.5

cm

γib

c

Anode length

z1 to z3

16.5

cm

γob

d

Outer cathode radius

roc

0.9

cm

Ekib

e

keV

Outer cathode length

z1 to z0

4.9

cm

Ekob

f

keV

Cathode thickness

hc

0.02

cm

Inner cathode radius

ric

ric < roc

cm

Inner cathode length

z1 to z2

lic < loc

cm

a

Inner electron beam current, b Outer electron beam current, c Relativistic factor at the external
boundary of the inner electron beam, d Relativistic factor at the external boundary of the outer
electron beam, e Inner electron beam energy at the output end, f Outer electron beam energy at the
output end.

inner emitter’s axial position extends beyond that of the outer emitter’s by a distance
d. (It should be noted that in experiments the anode is grounded and the cathode
is at negative high voltage. Our decision to have the anode be at a large positive
potential with respect to the cathode is to be consistent with the original Fedosov [79]
derivation.)
As can be seen in Fig. 3.6, the inner emitter is extended beyond the outer emitter,
so the boundary conditions are not the same for both emitters along z. Thus, another
boundary condition is applied in the plane z2 at the end of the inner emitter. The
axial axis of the tube from z1 to z3 divides into three cross-sections z1 , z2 , and z3 ,
which are geometrically similar to a uniform coaxial line, as can be seen in Fig. 3.7.
Assume a homogeneous region between z = z0 to z = z2 , right above the inner cathode
where we can find the relativistic factor γh (dimensionless) for the outer beam at the
boundary z2 (cf. Fig. 3.6). Also, we assume that the potential of the outer electron
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(a) MICDs schematic

(b) Frontview of MICDs

(c) Endview of MICDs

Figure 3.6: Top - Schematic of two nested MICDs in a vacuum tube. 1. Anode; 2. a
single cathode stalk; 3. outer emitter/cathode; 4. inner emitter/cathode; 5. Input Port; 6.
Output Port. Left - Front view of the drift tube. Right - End view of the drift tube.
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(a)

(b)

(c)

(d)

Figure 3.7: Cross-section views of the two nested MICDs in a vacuum tube at various
planes referenced in Fig. 3.6a. (a) 3D view of the two nested MICDs. (b) Front view of the
z1 plane where solid circumferences represent inner and outer cathodes. (c) View of the z2
plane, which is at the tip of the inner emitter where solid red and dashed blue circumferences
present ‘inner cathode’ and ‘outer electron beam’, respectively. (d) View of the z3 plane at
the ‘output’ end where there are only two nested electron beams (dashed red and dashed
blue), but no cathodes.

beam in the plane z2 is φh .
We will take into account these three cross-sections (z1 , z2 , z3 ) in the derivation
with the aim of obtaining solutions for the relativistic factors γob and γib for the
outer and inner beams, respectively. Starting with the beam equations and boundary
conditions. According to conservation of energy,

me c2 − e0 φa = me c2 + e0 φc .
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The equation of motion in the z direction is given by
dp
= −e0 Ez
dt

(3.65)

j = −ρv.

(3.66)

and the current density is

The boundary conditions for the outer cathode are

(Ez )r=roc = 0,

(3.67)

(pob )r=roc ,z0 =0 = 0,

(3.68)

(φ)r=ra = φa ,

and

(φc )r=roc ,z0 <0 = 0.

(3.69)
(3.70)

The boundary conditions for the inner cathode are

(Ez )r=ric = 0,

(3.71)

(pib )r=ric ,z2 =0 = 0, and

(3.72)

(φc )r=ric ,z2 <0 = 0.

(3.73)

The divergence of the electric field is ∇ · E =

ρ
,
ϵ0

where ϵ0 is the vacuum permittivity

[in unit F/m] and ρ is the volume charge density [in C/m3 ]. In cylindrical coordinates,
Er − ∂ Ez = 0. We now apply Gauss’ law to find the electric
we have (∇ × E)φ = ∂∂z
∂r
field in the plane delineated by z1

Er1 =

φa
.
r ln( rroca )
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The initial momentum of the inner beam is (pib )r=ric ,z2 =0 = 0 in the plane z = z2 .
However, in the plane z = z2 , the outer electron beam is already established and the
momentum of the outer beam in the plane z = z2 is (pob )r=rob ,z=z2 ̸= 0; thus, the jump
in the electric field from the outer beam to the inner beam in the plane z = z2 is

Er2(h+) = −

Ih+
.
2πrvh ϵ0

(3.75)

Here, qh is the outer electron beam charge per unit length and vh is the velocity of
the outer electron beam. The jump in the electric field from the outer beam to the
inner beam in the plane z = z2 is given by

Er2(h−) = −

Ih−
.
2πrvh ϵ0

(3.76)

To obtain the equation for the outer electron beam current in the plane z = z2 ,
we find the potential difference of the outer beam – anode gap and the outer beam –
inner cathode gap in the plane z = z2 . We assume rh = rob , where ob =outer beam.
Therefore, the potential difference across the outer beam – anode gap in the plane
z = z2 is given by
Z

ra

φa − φh = −
rh

Ih+
Er2(h+) dr =
ln
2πϵ0 vh



ra
rh



Ih+
=
ln
2πϵ0 vh



ra
rob


.

(3.77)

The potential difference across the outer beam – inner cathode gap in the plane
z = z2 is given by
Z

ric

φc − φh = −
rh

Ih−
Er2(h−) dr =
ln
2πϵ0 vh
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ric
rob


.

(3.78)
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Hence, from Eq. (3.77),
Ih+
ln
2πϵ0 vh



ra
rob


=

c2
c2
(γa − 1) − (γh − 1)
η
η

and
Ih+

p
2πϵ0 c3 (γa − γh )( γh2 − 1)
 
=
.
η
γ ln ra
h

(3.79)

rob

Equation (3.79) is similar to Fedosov’s [79] beam current equation for a single MICD
[26]. Similarly, from Eq. (3.78) where we assume the potential of the inner cathode
φc = 0, we obtain

Ih−

p
2πϵ0 c3 (γh − 1)( γh2 − 1)
 
=
.
η
γ ln rob
h

rib

We now can calculate the total current Ih = Ih+ − Ih− in the plane z = z2 , which is
given as
"
#
p
2πϵ0 c3 ( γh2 − 1) (γa − γh ) (γh − 1)
  −   .
⇒ Ih =
ηγh
ln rroba
ln rrob
ib

(3.80)

We will now find the equation for γh in the plane z = z2 . Integrating over the
volume between radii ric and ra and cross-sections z1 and z2 and apply conservation
of momentum in the z direction for the system [2] in Fig. 3.6 to obtain
Z

ra

ric

2
Er1
rdr

Z

ra
2
Er2
rdr =

−
ric

Ih ph
.
πe0 ϵ0

(3.81)

We solve Eq. 3.81 to obtain a solution for γh as
2(γh2 − 1)
1−g
(γa − 1)2 − (γa − γh )2 − (γh − 1)2
=
g
γh


γa − γh γh − 1
−
(1 − g),
1−g
g
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which yields the solution for γh (where γh > 1)
p
γh =

(8γa − 8)g + 9 − 1
,
2

(3.83)

r

where the geometrical factor g =

ln( rob )

and rib < rob < ra . Similarly, the total

ib

ln( rra )
ib

current Iob is obtained in plane z3 ,
"
#
p
2
− 1) (γa − γob ) (γob − γib )
2πϵ0 c3 ( γob
  −
  .
Iob =
ηγob
ln rroba
ln rrob
ib

(3.84)

Expressing Eq. 3.84 in terms of ln (ra/rib ),
2πϵ0 c3
 
Iob =
η ln rriba

p



2
γob
− 1 γa − γob γob − γib
−
.
γob
1−g
g

(3.85)

In a manner similar to finding the outer electron beam current solution, we will now
find the solution for the inner electron beam current Iib in the same plane z = z3 .
The electric field and beam current in the plane z = z3 for the inner beam are given
by
Er3(ib) =

Iib
qib
=−
2πrϵ0
2πrvib ϵ0

and

p
2πϵ0 c3 (γob − γib ) γib2 − 1
Iib =
.
η ln( rrob
)
γ
ib
ib

(3.86)

(3.87)

Expressing Eq. 3.87 in terms of ln (ra/rib ),
2πϵ0 c3
Iib =
η ln(ra/rib )

p
γib2 − 1 (γob − γib )
.
γib
g

(3.88)

Eq. 3.87 (for inner electron beam current Iib ) is our desired solution for the inner
electron beam current in the system at z = z3 . We have two unknowns (γob and γib ) in
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the equations for Iob and Iib . Therefore, we should now focus on finding the relativistic
factor at the external boundaries for both the inner and outer electron beams in the
drift tube. We integrate over the volume between radii ric and ra and cross-sections
z = z1 and z = z3 and apply conservation of momentum in the z direction for the
system [79], [2] shown in Fig. 3.6 to obtain
Z

ra
2
Er1
rdr

Z

ra
2
Er3
rdr =

−
rib

ric

pob Iob + pib Iib
πe0 ϵ0

"
2
(γob
− 1)
−g
−2
⇒ (γa − 1) − (γa − γob ) − (γob − γib )
g
γob
#


γa − γob γob − γib
(γ 2 − 1) (γob − γib )
−
(1 − g) = 0 .
+ ib
1−g
g
γib
g
2

(3.89)

21

2

(3.90)

The final expression from the derivation of Eq. (3.89) is Eq. (3.90), where the
r

geometrical factor g =

ln( rob )
ib

ln( rra )

for rib < rob < ra . We know that the current remains

ib

same in the system for a given value of γ and a narrow beam [98], [99]. Thus, the
equation for the current Ih of the outer electron beam in the plane z = z2 and the
equation of the current Iob for the outer electron beam in the plane z = z3 are equal.
Therefore, by equating Ih = Iob (Eqs. (3.80 and 3.84)), we obtain

p



2
γh2 − 1  γ − γ
γob
− 1 γa − γob γob − γib
γh − 1
2πϵ0 c3
a
h
 
 
−
=
−
.
1−g
g
γob
1−g
g
η ln rriba γh
η ln rriba
(3.91)

2πϵ0 c3

p

Removing the constants from both sides of Eq. (3.91) and substituting the solution
for γh from Eq. (3.83) into Eq. (3.91) yields
q
2
(γob
− 1) ((γib − γa )g + (γob − γib )) − γob C = 0,

where C is the constant in Eq. (3.93). For a given anode potential, γa = 1 +
52

(3.92)

ηφa
,
c2

g
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is the geometrical factor given earlier, and C is given by
p
q p
(8γa − 8)g + 9 + (2 − 2γa )g − 3
−2 (8γa − 8)g + 9 + (8γa − 8)g + 6
p
C=
.
2( (8γa − 8)g + 9 − 1)
(3.93)
The solution of Eqs. (3.90 and 3.92) yields γob and γib that ultimately determine the
electron beam current and energy for the electron beams in the system.

3.3

Calculation of the SCL current for MICDs

The outer electron beam current is given by
2πϵ0 c3
 
Iob =
η ln rriba

p



2
γob
− 1 γa − γob γob − γib
−
.
γob
1−g
g

(3.94)

In Eq. 3.94, the outer current will be zero for two cases, when γob = 1 (full potential
depression) and γob = γa = γib (zero potential depression). Taking the derivative
of Eq. 3.94 with respect to γob , the current Iob will be maximum for the condition
∂Iob
∂γob

= 0. The solution of γib from Eq. 3.92 is,
p
2
γob
− 1 (gγa − γob ) + Cγob
p
γib =
.
2
(g − 1) γob
−1

(3.95)

Using this solution for γib in Eq. 3.94 yields

Iobmax = IobSCL =

C
C
2πϵ0 c3
2πϵ0 c3
 
 
=
.
(g − 1)
η ln rriba g(g − 1)
η ln rrob
ib

(3.96)

Equation 3.96 does not have any dependence on the relativistic factors γob or γib .
It only depends on the geometrical factor and γa . The maximum current can be
obtained from Eq. 3.96 where C is given by Eq. 3.93.
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Similarly, in Eq. 3.88, the inner electron beam current will be zero for two cases:
γib = 1 (full potential depression) and γib = γob (zero potential depression). Taking
the derivative of Eq. 3.88 with respect to γib , the current Iib will be maximum for the
condition

∂Iib
∂γib

= 0 that corresponds to the point at γib3 = γob . Thus,
3

Iibmax = IibSCL

3.4

2

3

2πϵ0 c3 (γib2 − 1) 2
2πϵ0 c3 (γob3 − 1) 2
=
=
.
η ln(ra/rib )
g
η ln(ra/rib )
g

(3.97)

Theoretical results with SINUS-6 parameters

In order to obtain the calculated data in Matlab, we will now look at three cases for
which parameters are listed in Table 3.1:

a Case 1, ric = 21 roc
b Case 2, ric = 41 roc
c Case 3, ric = 43 roc .
The analytic results for the Case 1, ric = 12 roc are shown in Fig. 3.8, and calculated
data presented in Table 3.2. All data are collected when the inner cathode is halfway
between the axis and the inner radius of the outer cathode. As can be seen from
Fig. 3.8, at lower applied voltages <100 kV, the difference between the outer electron
beam current or energy and the inner one is small. But at higher voltages >100 kV,
the difference increases for both current and energy. The formula used to obtain the
percentage difference between inner and outer electron beam energy is

Energy difference % =

Difference of Ekob &Ekib
× 100%.
Average of Ekib &Ekob
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(a) Ek vs. V

(b) I vs. V

Figure 3.8: Plot shows theoretical results of (a) electron beam energy and (b) electron
beam current from inner (red) and outer (blue) emitters for applied voltages ranging from
100 - 600 kV using actual experimental SINUS-6 parameters for ric = 12 roc .
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Table 3.2: Calculated data of electron beam current and beam energy from each cathode
for applied voltages ranging from 100 - 600 kV using SINUS-6 [51] parameters for ric = 12 roc .

Voltage

ra

roc

ric

hc

Iib.cal

Iob.cal

Ekib.cal Ekob.cal Energy Diff.

[kA]

[kA]

[keV]

[keV]

%

[kV]

[cm] [cm] [cm] [cm]

100

2.5

0.9 0.45 0.02 0.0990 0.1744

52

62

17.0

200

2.5

0.9 0.45 0.02 0.2658 0.4873

99

119

18.0

300

2.5

0.9 0.45 0.02 0.4652 0.8847

142

173

19.6

400

2.5

0.9 0.45 0.02 0.6847 1.3465

181

223

21.0

500

2.5

0.9 0.45 0.02 0.9175 1.8612

217

270

22.0

600

2.5

0.9 0.45 0.02 1.2120 2.4469

252

316

23.0

*ra = Radius of the anode. roc = radius of the outer cathode. ric = radius of the
inner cathode. hoc = hic = hc = thickness of the both cathodes. Iib.cal = calculated
inner beam current. Iob.cal = calculated outer beam current. Ekib.cal = calculate inner
beam energy. Ekob.cal = calculate outer beam energy.
Analytic results for Case 2, ric = 41 roc are shown in Fig. 3.9, and calculated data
presented in Table 3.3. As can be seen from Fig. 3.9, at lower applied voltages < 100
kV, the difference between outer electron beam current or energy is small. But at
higher voltages > 100 kV, the difference gets higher. Unlike Fig. 3.8, the calculated
outer electron beam current is much higher than the calculated inner electron beam
current.
Analytic results for Case 3, ric = 34 roc are shown in Fig. 3.10, and calculated data
presented in Table 3.4. Unlike Figs. 3.8 and 3.9, both outer and inner electron beam
show comparable currents but with some energy differences. Table 3.4 shows the
energy difference in this case from 9.5-13% for the applied voltages ranging from 100
- 600 kV.
A more detailed comparison between the electron beam currents and kinetic en-
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Table 3.3: Calculated data of electron beam current and beam energy from each cathode
for applied voltages ranging from 100 - 600 kV using SINUS-6 [51] parameters for ric = 14 roc .

Voltage

ra

roc

ric

hc

Iib.cal

Iob.cal

Ekib.cal Ekob.cal Energy Diff.

[kA]

[kA]

[keV]

[keV]

%

[kV]

[cm] [cm] [cm] [cm]

100

2.5

0.9 0.24 0.02 0.0661 0.2071

49

62

24

200

2.5

0.9 0.24 0.02 0.1762 0.5757

92

120

26

300

2.5

0.9 0.24 0.02 0.3067 1.0406

131

173

27

400

2.5

0.9 0.24 0.02 0.4492 1.5775

167

224

29

500

2.5

0.9 0.24 0.02 0.5994 2.1724

200

272

30

600

2.5

0.9 0.24 0.02 0.7927 2.8568

232

317

31

*ra = Radius of the anode. roc = radius of the outer cathode. ric = radius of the
inner cathode. hoc = hic = hc = thickness of the both cathodes. Iib.cal = calculated
inner beam current. Iob.cal = calculated outer beam current. Ekib.cal = calculate inner
beam energy. Ekob.cal = calculate outer beam energy.
Table 3.4: Calculated data of electron beam current and beam energy from each cathode
for applied voltages ranging from 100 - 600 kV using SINUS-6 [51] parameters for ric = 43 roc .

Voltage

ra

roc

ric

hc

Iib.cal

Iob.cal

Ekib.cal Ekob.cal Energy Diff.

[kA]

[kA]

[keV]

[keV]

%

[kV]

[cm] [cm] [cm] [cm]

100

2.5

0.9 0.675 0.02 0.1435 0.1294

57

62

9.5

200

2.5

0.9 0.675 0.02 0.3880 0.3633

108

120

10

300

2.5

0.9 0.675 0.02 0.684

0.670

156

174

11

400

2.5

0.9 0.675 0.02 1.014

1.013

200

224

11.8

500

2.5

0.9 0.675 0.02

1.4

240

272

12.5

600

2.5

0.9 0.675 0.02 1.8265 1.8237

281

318

13

1.4

*ra = Radius of the anode. roc = radius of the outer cathode. ric = radius of the
inner cathode. hoc = hic = hc = thickness of the both cathodes. Iib.cal = calculated
inner beam current. Iob.cal = calculated outer beam current. Ekib.cal = calculate inner
beam energy. Ekob.cal = calculate outer beam energy.
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(a) Ek vs. V

(b) I vs. V

Figure 3.9: Plot shows theoretical results of (a) electron beam energy and (b) electron
beam current from inner (red) and outer (blue) emitters for applied voltages ranging from
100 - 600 kV using SINUS-6 experimental [51] parameters for ric = 14 roc .
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(a) Ek vs. V

(b) I vs. V

Figure 3.10: Plot shows theoretical results of (a) electron beam current and (b) electron
beam energy from inner (red) and outer (blue) emitters for applied voltages ranging from
100 - 600 kV actual experimental SINUS-6 parameters for ric = 34 roc .
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Figure 3.11: Plot illustrates the calculated electron beam current from the inner (red) and
outer (blue) beam as a function of the radius of the inner cathode ric .

Figure 3.12: Plot illustrates the calculated electron beam energy from the inner (red) and
outer (blue) beam as a function of the radius of the inner cathode ric .
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ergies on the same plot as a function of the ‘inner’ cathode’s radius can be seen in
Fig. 3.11 and Fig. 3.12. In both figures, the x-axis represents the radial position of
the inner cathode from ric = 0 to ric =0.81 cm and the y-axis represents the electron
beam current in [kA] (in Fig. 3.11) and energy in [keV] (in Fig. 3.12). The most
striking result can be seen in this case, the two electron beam currents meet at the
same point of 0.69 cm (viz., radial position of inner cathode) and a greater than 10%
energy difference is achieved between the two beams (cf. in Figs. 3.11 and 3.12).

3.5

Derivation when both cathodes have the same
length

[nb: When there is no axial difference between the cathodes - meaning the axial
positions of both cathodes are the same.]
Figure 3.13 shows a 2D symmetric schematic in the r −z plan of two nested MICD
of identical length, parameters are listed in the Table 3.5.

Figure 3.13: Schematic of two nested MICDs in a vacuum tube. 1. anode; 2. cathode
stalk; 3. inner cathode; 4. outer cathode; 5. input Port; 6. output port.
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Table 3.5: Design parameters of two nested MICDs in a vacuum tube when both cathodes
have the same length.

Inputs

Outputs

Design Parameters

Symbols

Values

Units Parameters

Units

Anode potential

φa

+

kV

Iib

a

A

Cathode potential

φc

0

kV

Iob

b

A

Anode radius

ra

2.5

cm

γib

c

unitless

d

unitless

Anode length

z1 to z3

16.5

cm

γob

Outer cathode radius

roc

0.9

cm

Ekib

e

keV

Outer cathode length

z1 to z0

4.9

cm

Ekob

f

keV

Inner cathode radius

ric

ric < roc

cm

Inner cathode length

z1 to z2

4.9

cm

Both Cathode thickness

hc

0.02

cm

a

Inner electron beam current, b Outer electron beam current, c Relativistic factor at the external
boundary of the inner electron beam, d Relativistic factor at the external boundary of the outer
electron beam, e Inner electron beam energy at the output end, f Outer electron beam energy at the
output end.

The solutions for this geometry are

2πϵ0 c3
Iob =
η ln (ra/rib )

p


2
γob
− 1 γa − γob γob − γib
−
γob
1−g
g

(3.99)

p
γib2 − 1 (γob − γib )
γib
g

(3.100)

and
2πϵ0 c3
Iib =
η ln(ra/rib )

"


2
1
−
g
(γob
− 1) γa − γob γob − γib
2
2
2
⇒ (γa − 1) − (γa − γob ) − (γob − γib )
=2
−
g
γob
1−g
g
#
(γ 2 − 1) (γob − γib )
+ ib
(1 − g).
γib
g
(3.101)
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It should be noted here that we only have solutions at the ‘Output Port’ (in the
plane z2 ). We do not have any additional boundary here and, therefore, no other
equation of current as we obtained in the previous section (for example, Eq. 3.80).
Now, the question is how do we solve Eqs. 3.99, 3.100 and 3.101 numerically? If
we can somehow solve Eq. 3.101 and obtain the solutions for γob and γib , we can
determine the current and energy.
To obtain expressible analytic solution from this symbolic algebraic Eq. 3.101 is
too difficult or it may not be possible to compute or derive analytically. In this case,
an empirical strategy or numerical approach is necessary. It also requires computer
simulation. We know for any applied potential γa = 1 +

ηφa
.
c2

Here γa is known. We

also know γa > γob > γib . This means that γob , γib must lie between 1 and γa . If we
select values between 1 and γa , and insert them in Eqs. (3.99, 3.100, and 3.101), we
are able to find a solution.
Let us perform one simulation using MAGIC 2D where the radius of the inner
cathode =

3
4

of the outer radius. The applied voltage is 400 kV and the magnetic

field is 3 T. The thickness of each cathode is 0.02 cm. Simulation results are shown
in Figs. 3.14 and 3.15.
Let us check the analytical results using Eqs. 3.99 and 3.100 for applied voltage 400
kV, radius of the anode ra = 2.5 cm, outer cathode radius roc = 0.9 cm, inner cathode
radius ric = 43 roc , geometrical factor g =

ln( rroc )
ic

ln( rra )

, and assume γob = 1.4890, γib = 1.4688.

ic

We obtain
2πϵ0 c3
Iob = Io =
η ln (ra/rib )

p



2
γob
− 1 γa − γob γob − γib
−
= 1.396 kA
γob
1−g
g

and
2πϵ0 c3
Iib = Ii =
η ln(ra/rib )

p
γib2 − 1 (γob − γib )
= 450.677 kA.
γib
g
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(a) Electron beams show macroparticle

(b) Voltage profile

Figure 3.14: Results obtained from MAGIC simulations show: (a) macroparticles of inner
(red) and outer (blue) emitters, and (b) applied voltage(red) at the ‘Input Port’, axial
potential(green) from the ’Input Port’ to the ’Output Port’, and output potential(blue) at
the ’Output Port’.
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(a) Beam current profile

(b) Beam energy profile

Figure 3.15: Results obtained from MAGIC simulations show: (a) emitted electron beam
current from the inner (red) and outer (blue) emitters, and (b) average energy generated
from the inner (red) and outer (blue) beams.
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For the electron beam potentials at the ‘Output Port’, we have φib = 240 kV
and φob = 250 kV, which is in excellent agreement with simulations, as shown in
Fig. 3.15b. The energy difference in this case, ∆Ek = 4%.
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CHAPTER 4
PARTICLE-IN-CELL
SIMULATIONS

4.1

Overview of particle-in-cell (PIC) code - MAGIC

The PIC simulations are conducted in two phases - 2D axisymmetric MAGIC simulations for rapid scoping and more comprehensive 3D MAGIC simulations. Actual
experimental parameters from the SINUS-6 electron beam accelerator at UNM are
used in both the 2D and 3D PIC simulations to study the electron beam transport
through the vacuum channel and the final beam energies and currents.
The MAGIC PIC code uses the FDTD (finite-difference-time-domain) method
to solve Maxwell’s equations to obtain the electromagnetic fields (for example, in
a cylindrical coordinate system Er , Eφ , Ez , Br , Bφ , Bz ) that are defined at discrete
locations in space and time. By defining some initial known parameters of the electron
beam, the MAGIC PIC code computes the interactions or relations between electrons
and electromagnetic fields in space and time. At the same time the code uses a short
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time step (δt) to advance these electromagnetic fields in time. In a similar manner,
with each new time increment added to δt, Maxwell’s equations are solved throughout
the simulation space and in time. The Lorentz force equation is solved to advance
particle (electrons in this case) positions and momenta in time. The charge-density
and current density of the simulated electron beams are calculated self-consistently
using the continuity algorithm [110]. The MAGIC PIC code follows the Courant
stability criterion for each time step
"

2 − 3γ 2 + 2γ 3
χ<
2(1 − 3γ 2 + 2γ 3 )

#1/2

1
, 0≤γ≤ ,
2

χ < (3γ)1/2 ,

where χ2 = c2 δt2

1 2
i=1,N (δxi )

P

1
≤ γ ≤ 1,
2

(4.1)

is the Courant ratio squared, δxi is the cell size in

meters, and N is the number of dimensions (2 or 3).
Before studying multiple electron beam generation, a series of PIC simulations for
a single MICD is performed. It is found that results are consistent between Fedosov’s
theory and the numerical simulations. Details of the simulation model set-up, and
results are discussed below for a single and two nested MICDs.

4.2

Numerical modeling of a single MICD

The simple geometry in MAGIC is shown in Fig. 4.1, where an annular, thin-walled
explosive emission cathode is inserted in a drift tube. Parameters are listed in Table
4.1. Since the cathode is very thin, we assume the thickness in the simulation to be
one cell size, hc =0.02 cm. A conductor is connected from r = 0 to the inner radius
of the cathode with dz = 0.5 cm. The ‘Input Port’ for applying the potential is
connected between the outer radius of the cathode to the inner radius of the anode.
68

4.2. NUMERICAL MODELING OF A SINGLE MICD

Figure 4.1: MAGIC model of a single MICD.

The ‘Output Port’ is set-up at the end of the drift tube from zend =16.45 cm to
inner radius of the anode, ranode = 2.5 cm. The anode and cathode parameters are
based on the SINUS-6 electron beam accelerator in UNM’s Pulsed Power, Beams,
and Microwaves Laboratory (cf. Fig. 1.3).
The MAGIC simulation model set-up and results obtained with (i) an axially
symmetric hollow waveguide with inner radius 2.5 cm and total length 40 cm; (ii)
an explosive emission annular cathode (cf. Fig. 4.2) with axial length 49 mm, outer
Table 4.1: Design parameters of a MICD based on SINUS-6 parameters.

Design Parameters

Values

Applied potential

400 kV

Anode length

16.45 cm

Anode radius

2.5 cm

Cathode radius

0.9 cm

Cathode length

4.9 cm

Cathode thickness

0.02 cm

Magnetic field

2 T, 3 T

Simulation cell size

0.02 cm
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(a) Cathodes with different diameters

(b) Side view

(c) Front view

Figure 4.2: (a) Photograph of cylindrical cathodes with different diameters, nested MICDs,
18 mm, 13.5 mm, 9 mm, 4.5 mm; (b) side view of axial length 4.9 cm; (c) front view of the
thin, annular explosive emission cathode used on analytic, simulation and SINUS-6 electron
beam accelerator.

radius 9 mm, and radial thickness 0.2 mm; (iii) applied voltages ranging 100 kV - 600
kV; (iv) the uniform axial magnetic field strength is 0.5, 1, 2.0 and 3 T; (v) three
different radius based cylindrical cathodes (i.e., rc =9 mm, 11.15 mm, 15.3 mm) (cf.
Fig. 4.2a) are used. Axially uniform magnetic fields of B0.5 = 0.5 T, B1 = 1 T, B2 = 2
T, and B3 = 3 T were set-up sequentially during the simulations.
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4.2.1

Simulation results for a single MICD

Figure 4.3: Macroparticles emitted from the cathode.

Figure 4.3 shows the macroparticles emitted from the cathode. Figure 4.4 shows
static electric field contour plot that illustrates the accelerating field. Simulation
results obtained from MAGIC 2D are shown in Figs. 4.5 and 4.6. Figure 4.5 illustrates
applied voltage (red) on the cathode and electron beam current (blue) emitted from
the cathode for an applied voltage of 400 kV as function of time for a 3 T magnetic
field. Figure 4.6 shows applied voltage (red) on the cathode and electron beam energy
(blue) emitted from the cathode for an applied voltage of 400 kV as function of time
for a 3 T magnetic field. In both cases, the simulation results are performed with a
18 mm diameter cathode and for a simulation time of 10 ns.
Comparison of the results obtained from MAGIC as well as analytically calculated Fedosov current and energy are presented in Fig. 4.7. These simulations are
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Figure 4.4: Static electric field contour plot illustrates the accelerating field.

Figure 4.5: MAGIC 2D simulation showing applied voltage (red) on the cathode and
electron beam current (blue) emitted from the cathode for an applied voltage of 400 kV as
function of time for a 3 T magnetic field.
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Figure 4.6: MAGIC 2D simulation shows applied voltage (red) on the cathode and electron
beam energy (blue) emitted from the cathode for an applied voltage of 400 kV as function
of time for a 3 T magnetic field.

Figure 4.7: Analytical “Fedosov” current obtained in MAGIC simulations shows electron
beam energy and currents as a function of applied voltages.
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performed with three different cathode diameters as shown in Fig. 4.2a. As can be
seen both MAGIC and Fedosov’s theory agree well with each other.

4.3

Numerical modeling of two nested MICDs

The simulation model set-up is similar to what was described in Section 4.2 with the
addition of another cathode as shown is in Fig. 4.8. The simulation parameters are
listed in Table 4.2. Cathodes with different diameters are used as MICDs, shown in
Fig. 4.2a. A general schematic of MICDs can be seen in Fig. 4.9.
As mentioned in Section 1.5, a case study approach was followed to identify an
optimal geometry from this nested MICD model as follows:

1. the same negative potential applied to the outer and inner cathodes within a
range of −100 to −500 kV
2. the radius of the anode = ra = 2.5 cm
3. the radius of the outer cathode roc = 0.9 cm [oc=outer cathode]
4. the radius of the inner cathode = ric = rvar ∗ roc , [ic=inner cathode]
5. the length of the outer cathode zoc = 4.9 cm
6. the length of the inner cathode zic = (4.9 + d) cm
7. the length of the anode zoc + 11.55 cm = (4.9 + 11.55) cm
8. the thickness of the both outer and inner cathodes, = hic = hoc = hc = 0.02 cm
(one simulation cell size).
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Figure 4.8: MAGIC model set-up with two nested MICDs in a hollow tube showing the
emitted inner electron beam (red) and the outer electron beam (blue).

Figure 4.9: Left - Schematic of two nested MICDs in a vacuum tube. 1. Anode; 2. a
single cathode stalk; 3. outer emitter/cathode; 4. inner emitter/cathode; 5. ‘Input Port’; 6.
‘Output Port’. Right - End view of the drift tube including MICDs.
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Table 4.2: Parameters of two nested MICDs for simulation model.

4.3.1

Design Parameters

Symbols

Value

Unit

Anode potential

φa

0

kV

Cathode potential

φc

100 - 600

kV

Anode radius

ra

2.5

cm

Anode length

z1 to z3

16.4

cm

Outer cathode radius

roc

0.9

cm

Outer cathode length

z1 to z0

4.9

cm

Cathode thickness

hc

0.02

cm

Inner cathode radius

ric < roc

0.22 - 0.78

cm

Inner cathode length

z1 to z2

0 - 7.9

cm

Distance, d

z0 to z2

0 - 3.0

cm

Simulation results for two nested MICDs

The PIC simulations are conducted in two phases - 2D axisymmetric MAGIC simulations [110] for rapid scoping and more comprehensive 3D MAGIC simulations. Actual
experimental parameters from the SINUS-6 electron beam accelerator at UNM are
used in both 2D and 3D PIC simulations to study electron beam transport (cf. in
Fig. 4.10, shows macroparticle) through the vacuum channel and the final beam energies and currents. Figures 4.11a to Fig. 4.11f show obtained simulated phase space
plot of axial momentum of the inner electron beam (red) and outer electron beam
(blue) for applied voltages ranging from 100 kV to 600 kV and a magnetic field of 1
T as a function of time. Static electric field contour plots illustrates the accelerating
field can be seen in Fig. 4.12.
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Figure 4.10: MAGIC model shows macro particles emitted from the inner (red) and the
outer electron beam (blue).

Fig. 4.13a to Fig. 4.13d show obtained simulated phase space plot of energy of the
inner electron beam (red) and outer electron beam (blue) for applied voltages ranging
from 100 kV to 400 kV and a magnetic field of 3 T as a function of time.

4.3.2

Empirical strategy to find axial distance

As can be seen in Section 4.3, the two variables rvar (in the radial direction) and d
(in the axial direction) are the main key factors for the numerical model in MAGIC
(cf. in Fig. 4.14 and Fig. 4.15).
Figure 4.14 shows an empirical strategy to find both the radial and axial gap
between the inner and outer cathode. Thus, for the algorithms/steps in MAGIC
simulation, initially we:

1. fix the outer cathode radius and axial position (r, z) to match the SINUS-6
parameters;
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(a) Axial momentum (pz ), 100 kV

(b) Axial momentum (pz ), 200 kV

(c) Axial momentum (pz ), 300 kV

(d) Axial momentum (pz ), 400 kV

(e) Axial momentum (pz ), 500 kV

(f ) Axial momentum (pz ), 600 kV

Figure 4.11: The momentum of the inner beam’s electrons (red) and the outer beam’s
electrons (blue) are shown for cathode voltages of (a) 100 kV, (b) 200 kV, (c) 300 kV, (d)
400 kV, (e) 500 kV, and (f) 600 kV.
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Figure 4.12: Static electric field contour plot illustrates the accelerating field.

(a) e− energy

(b) e− energy

(c) e− energy

(d) e− energy

Figure 4.13: The energy of the inner beam’s electrons (red) and the outer beam’s electrons
(blue) are shown for cathode voltages of (a) 100 kV, (b) 200 kV, (c) 300 kV, and (d) 400 kV.
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2. fix the inner cathode radius halfway between r = 0 and the outer cathode
radius, ric =

1
2

roc (let us assume this is ‘CASE 1’ with rvar1 = 12 );

3. fix both outer and inner cathode lengths, whereas zic = zoc ;
4. perform simulations by increasing axial extent of the inner cathode by (a) d1 = 2.5 mm
(b) d2 = 5.0 mm
(c) d3 = 7.5 mm
(d) d4 = 10.0 mm
(e) d5 = 15.0 mm
(f) d6 = 20.0 mm
(g) d6 = 30.0 mm;
5. repeat 1, 3-4 with ric =

1
4

roc (let us assume this is ‘CASE 2’ with rvar2 = 14 );

6. repeat 1, 3-4 with ric =

3
4

roc (let us assume this is ‘CASE 3’ with rvar3 = 34 );

7. repeat 1-6 for the applied voltages ranging from 100 kV to 600 kV in 100 kV
increments.

Each rvar corresponds to six variations of axial positions of d of the inner cathode.
Therefore, we have the following function for the radial position of the inner cathode





rvar1 roc ,




f (ric ) =
rvar2 roc ,







 rvar3 roc ,

rvar1 = 14 ,

0 < ric < 12 roc

rvar2 = 12 ,

1
r
2 oc

≤ ric < 34 roc

rvar3 = 34 ,

3
r
4 oc

≤ ric < roc .
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Similarly, for the axial position of the inner cathode we have

f (zic ) =






zoc + d1 ,








zoc + d2 ,








 zoc + d3 ,

d1 = 2.5 mm
d2 = 5.0 mm
d3 = 7.5 mm





zoc + d4 ,








zoc + d5 ,








 zoc + d6 ,

d4 = 10.0 mm
d5 = 12.5 mm
d6 = 15.0 mm.

The function for both the radial and axial positions of the inner cathode emitter
can be seen as written as

f (ric , zic ) =




 rvar roc

1
4



 zoc + d

2.5 mm ≤ d ≤ zend ,

≤ rvar ≤

3
4

where zend is the anode length.
MAGIC simulations are optimized by following different scaling geometries shown
in Fig. 4.14a, Fig. 4.14b, and Fig. 4.14c. The variations (increasing of d by 2.5 mm)
of the inner cathode’s length can also be seen in Fig. 4.15. The results obtained from
MAGIC simulations based on scaling of different geometries described in Fig. 4.14a
and Fig. 4.15 can be seen in Fig. 4.16 and Fig. 4.17. Figure 4.16 shows six plots with
the same voltage applied to MICDs and output beam voltage for different lengths of
inner cathode with extension d and with inner cathode ric = 14 roc . Figure 4.17 shows
six plots with the same voltage applied to MICDs and extracted output electron beam
current for different lengths of inner cathode with extension d and with inner cathode
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(a)

(b)

(c)

Figure 4.14: Schematic showing the radial position of the inner cathode’s radius is at (a)
1
1
3
4 , (b) 2 , and (c) 4 of the outer cathode’s radius, respectively, where zoc =outer cathode’s
length, zic =inner cathode’s length, d =difference between the length of the inner and outer
cathodes.

radius ric = 41 roc .
Similarly, Fig. 4.18 and Fig. 4.19 shows the I − V characteristics for both beams
for five axial lengths of the inner cathode with extension d and with inner cathode
radius ric = 12 roc .
Figure 4.20, Fig. 4.21, and Fig. 4.22 show the I − V and Ek − V characteristics for
both beams for 8 axial lengths of the inner cathode with extension d and with inner
cathode radius ric = 43 roc .
The electron beam energy measured at the output end of the drift tube of each
beam can be seen in Fig. 4.23a. Figure 4.23a represents both electron beam energy
and current as a function of the inner cathode’s length for applied voltage 400 kV
and a magnetic field of 2 T. As can be seen, when both cathodes have the same
length, meaning when both beams start propagating from the tip of the cathodes at
the same axial position at 4.9 cm, we do not see any space charge screening effect
near the surface of both cathodes at z = 4.9 cm (cf. in Fig. 4.23a). Therefore, a
minimal energy difference but a maximum difference in currents can be seen between
both beams.
It can be concluded that, as we extend the length of the inner cathode beyond
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(a) d = 0 mm

(b) d = 2.5 mm

(c) d = 5 mm

(d) d = 7.5 mm

(e) d = 10 mm

(f ) d = 15 mm

(g) d = 20 mm

(h) d = 30 mm

Figure 4.15: Schematic shows of the variations of the inner cathode’s length by 2.5 mm.
Geometry of the problem is for the case ric = 43 roc .
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(a) d = 0 mm

(b) d = 2.5 mm

(c) d = 5 mm

(d) d = 7.5 mm

(e) d = 10 mm

(f ) d = 15 mm

Figure 4.16: MAGIC 2D simulations show the same voltage applied (red, Vin ) to the two
nested MICDs and output beam voltage (blue, Vout ) for (a) d =0 mm, (b) d = 2.5 mm, (c)
d = 5 mm, (d) d = 7.5 mm, (e) d = 10 mm, and (f) d = 15 mm. In this case, the position
of the inner cathode is ric = 14 roc , input voltage Vin =-400 kV, and magnetic field=2 T.
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(a) d = 0 mm

(b) d = 2.5 mm

(c) d = 5 mm

(d) d = 7.5 mm

(e) d = 10 mm

(f ) d = 15 mm

Figure 4.17: MAGIC 2D simulations show the electron beam currents emitted from the
inner(red) and outer(blue) cathodes for different lengths of inner cathode for (a) d =0 mm,
(b) d = 2.5 mm, (c) d = 5 mm, (d) d = 7.5, (e) d = 10 mm, and (f) d = 15 mm. In this case,
the position of the inner cathode is ric = 41 roc , input voltage Vin =-400 kV, and magnetic
field=2 T.
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(a) d = 0 mm

(b) d = 2.5 mm

(c) d = 5 mm

(d) d = 7.5 mm

(e) d = 10 mm

Figure 4.18: MAGIC 2D simulations show the same voltage applied (red, Vin ) to the two
nested MICDs and output beam voltage (blue, Vout ) for (a) d =0 mm, (b) d = 2.5 mm, (c)
d = 5 mm, (d) d = 7.5, and (e) d = 10 mm. In this case, the position of the inner cathode
is ric = 12 roc , input voltage Vin =-400 kV, and magnetic field=2 T.
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(a) d = 0 mm

(b) d = 2.5 mm

(c) d = 5 mm

(d) d = 7.5 mm

(e) d = 10 mm

Figure 4.19: MAGIC 2D simulations show the electron beam currents emitted from the
inner(red) and outer(blue) cathodes for different lengths of inner cathode for (a) d =0 mm,
(b) d = 2.5 mm, (c) d = 5 mm, (d) d = 7.5, and (e) d = 10 mm. In this case, the position
of the inner cathode is ric = 12 roc , input voltage Vin =-400 kV, and magnetic field=2 T.
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(a) d = 0 mm

(b) d = 2.5 mm

(c) d = 5 mm

(d) d = 0 mm

(e) d = 2.5 mm

(f ) d = 5 mm

(g) d = 0 mm

(h) d = 2.5 mm

(i) d = 5 mm

Figure 4.20: MAGIC 2D simulations show the same voltage applied (red, Vin ) to the two
nested MICDs and output beam voltage (blue, Vout ) for (a) d =0 mm, (b) d = 2.5 mm, and
(c) d = 5 mm. The electron beam currents and energies emitted from the inner (red) and
outer (blue) cathodes for different lengths of inner cathode for (d) d =0 mm, (e) d = 2.5
mm, (f) d = 5 mm, and (g) d =0 mm, (h) d = 2.5 mm, (i) d = 5 mm, respectively. In
this case, the position of the inner cathode is ric = 43 roc , input voltage Vin =-400 kV, and
magnetic field=2 T.
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(a) d = 7.5 mm

(b) d = 10 mm

(c) d = 7.5 mm

(d) d = 10 mm

(e) d = 7.5 mm

(f ) d = 10 mm

Figure 4.21: MAGIC 2D simulations show the same voltage applied (red, Vin ) to the two
nested MICDs and output beam voltage (blue, Vout ) for (a) d = 7.5 mm and (b) d = 10
mm. The electron beam currents and energies emitted from the inner (red) and outer (blue)
cathodes for different lengths of inner cathode for (c) d = 7.5 mm, (d) d = 10 mm, and (e)
d = 7.5 mm, (f) d = 10 mm, respectively. In this case, the position of the inner cathode is
ric = 34 roc , input voltage Vin =-400 kV, and magnetic field=2 T.
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(a) d = 15 mm

(b) d = 20 mm

(c) d = 30 mm

(d) d = 15 mm

(e) d = 20 mm

(f ) d = 30 mm

(g) d = 15 mm

(h) d = 20 mm

(i) d = 30 mm

Figure 4.22: MAGIC 2D simulations show the same voltage applied (red, Vin ) to the two
nested MICDs and output beam voltage (blue, Vout ) for (a) d = 15 mm, (b) d = 20 mm, and
(c) d = 30 mm. The electron beam currents and energies emitted from the inner (red) and
outer (blue) cathodes for different lengths of inner cathode for (d) d = 15 mm, (e) d = 20
mm, (f) d = 30 mm and (g) d = 15 mm, (h) d = 20 mm, (i) d = 30 mm, respectively. In
this case, the position of the inner cathode is ric = 43 roc , input voltage Vin =-400 kV, and
magnetic field=2 T.
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Table 4.3: Simulated data of electron beam current and electron beam energy from each
cathode obtained from MAGIC simulations with uniform resolution (1,1) for applied voltages
100 - 500 kV and magnetic field 1 T for the case ric = 43 roc .

φa

a

ra

b

roc

c

ric

d

hc

e

Iib

f

Iob

g

Ekib

h

Ekob

i

Ek Diff.j

[kV]

[cm]

[cm]

[cm]

[cm]

[kA]

[kA]

[keV]

[keV]

%

100

2.5

0.9

0.675

0.02

0.129

0.115

63

68

7.6

200

2.5

0.9

0.675

0.02

0.354

0.327

121

131

8

300

2.5

0.9

0.675

0.02

0.626

0.602

174

190

8.7

400

2.5

0.9

0.675

0.02

0.931

0.931

224

247

9.7

500

2.5

0.9

0.675

0.02

1.26

1.29

271

300

10

600

2.5

0.9

0.675

0.02

1.6

1.7

315

351

10.8

a

Applied potential; b radius of the anode; c radius of the outer cathode; d radius of the inner
cathode; e thickness of the beam; f inner e-beam current; g outer e-beam current; h inner e-beam
energy; i outer e-beam energy; j % energy difference of inner and outer e-beam.

the outer cathode, then the space charge of the outer beam starts screening the inner
beam and apparently both electron beams meet at some point with some energy
difference (cf. in Fig. 4.23a) or show equilibrium currents at (0.675 cm, 5.65 cm) in
Fig. 4.21c that we are interested in. Figure 4.21d shows interesting results where
we observe for the first time Iob < Iib for d = 10 mm. This result led us to better
understand how the energy difference and current difference depend on the increased
length of the inner cathode.
Table 4.3 shows simulated data of electron beam current and electron beam energy
from each cathode obtained from MAGIC simulations with uniform simulation space
resolution (1,1) for applied voltages 100 - 600 kV and magnetic field 1 T for the case
ric = 34 roc . Iib and Iob in row #6 show comparable currents for each beam for an
applied voltage of 400 kV with a 9.7% energy difference.

91

4.3. NUMERICAL MODELING OF TWO NESTED MICDS

(a)

(b)

Figure 4.23: Plot shows results obtained from MAGIC PIC code for applied voltage of
400 kV and a magnetic field of 2 T as function of the zic (a) with uniform lower resolution,
(b) with higher resolution.
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Table 4.4: Simulated data of electron beam current and electron beam energy from each
cathode obtained from MAGIC simulations with higher resolution (5,5) for applied voltages
100 - 500 kV and magnetic field 1 T for the case ric = 43 roc .

φa

a

ra

b

roc

c

ric

d

Iib

e

Iob

f

Ekib

g

Ekob

h

Ek Diff.i

[kV]

[cm]

[cm]

[cm]

[kA]

[kA]

[keV]

[keV]

%

100

2.5

0.9

0.67

0.13

0.14

58

63

8

200

2.5

0.9

0.67

0.35

0.39

110

121

9.5

300

2.5

0.9

0.67

0.62

0.72

156

172

9.7

400

2.5

0.9

0.67

0.93

1.1

203

223

9

500

2.5

0.9

0.67

1.2

1.5

237

263

10

600

2.5

0.9

0.67

1.09

1.3

228

252

10

a

Applied potential; b radius of the anode; c radius of the outer cathode; d radius of the inner
cathode; e inner e-beam current; f outer e-beam current; g inner e-beam energy; h outer e-beam
energy; i % energy difference of inner and outer e-beam.

Thus, we increased the mesh resolutions of the simulation model and ran a series of
simulations in a similar manner. The MAGIC simulation results obtained with higher
resolution can be seen in Fig. 4.23b which we find very interesting. Figure 4.23b also
shows electron beam energy and current as function of zic for applied voltage 400
kV and magnetic field 2 T. As in Fig. 4.23a, we observe a similar trend that, at a
particular length, both currents are comparable with about 10% energy difference
between both beams. But in this case, we do not observe Iob < Iib ; rather, we observe
comparable currents as both beams travel down the drift tube.
Table 4.4 shows simulated data of electron beam current and electron beam energy
from each cathode obtained from MAGIC simulations with a higher resolution (5,5)
for applied voltages 100 - 600 kV and magnetic field 1 T for the case ric = 43 roc . Unlike
in Table 4.3, Iib and Iob in row #6 show a slightly higher value for the outer electron
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Table 4.5: Simulated data of electron beam current and electron beam energy from each
cathode obtained from MAGIC simulations with higher resolution (5,5) for applied voltages
100 - 500 kV and magnetic field 2 T for the case ric = 21 roc .

φa

a

ra

b

roc

c

ric

d

Iib

e

Iob

f

Ekib

g

Ekob

h

Ek Diff.i

[kV]

[cm]

[cm]

[cm]

[kA]

[kA]

[keV]

[keV]

%

200

2.5

0.9

0.45

0.216

0.464

116

132

13

300

2.5

0.9

0.45

0.380

0.846

167

191

13

400

2.5

0.9

0.45

0.563

1.3

214

247

14

500

2.5

0.9

0.45

0.760

1.79

258

301

15

a

Applied potential; b radius of the anode; c radius of the outer cathode; d radius of the inner
cathode; e inner e-beam current; f outer e-beam current; g inner e-beam energy; h outer e-beam
energy; i % energy difference of inner and outer e-beam.

beam current than the inner electron beam current value an applied voltage of 400
kV with a 9% energy difference. As can be seen, Iib and Iob in row #4 tend to show
comparable currents for an applied voltage of 200 kV with a 9.5% energy difference.
Table 4.5 shows simulated data of electron beam current and electron beam energy
from each cathode obtained from MAGIC simulations with a higher resolution (5,5)
for applied voltages 200 - 500 kV and magnetic field 1 T for the case ric = 21 roc . Unlike
in Tables 4.3 and 4.4, Iib and Iob in row #5 do not show comparable currents for an
applied voltage of 400 kV but shows higher value of 14% energy difference.
Table 4.6 shows simulated data of electron beam current and electron beam energy
from each cathode obtained from MAGIC simulations with a higher resolution (5,5)
for applied voltages 200 - 500 kV and magnetic field 1 T for the case ric = 41 roc . Unlike
in Tables 4.3 and 4.4, Iib and Iob in row #5 do not show comparable currents for an
applied voltage of 400 kV but shows higher value of 16% energy difference.
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(a)

(b)

(c)

Figure 4.24: Plot shows data from MAGIC PIC simulations of two nested MICDs as
a function time, (a) applied voltages applied to the MICDs, (b) Electron beam currents
obtained from MAGIC PIC simulation, (c) Electron beam energy obtained from MAGIC
PIC simulation for different applied voltages ranging from 100 - 500 kV for a magnetic field
of 3 T. The total simulation time was 10 ns.
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Table 4.6: Simulated data of electron beam current and electron beam energy from each
cathode obtained from MAGIC simulations with higher resolution (5,5) for applied voltages
100 - 500 kV and magnetic field 2 T for the case ric = 41 roc .

φa

a

ra

b

roc

c

ric

d

Iib

e

Iob

f

Ekib

g

Ekob

h

Ek Diff.i

[kV]

[cm]

[cm]

[cm]

[kA]

[kA]

[keV]

[keV]

%

200

2.5

0.9

0.225

0.123

0.558

116

131

12

300

2.5

0.9

0.225

0.216

1.04

165

191

14

400

2.5

0.9

0.225

0.318

1.5

212

249

16

500

2.5

0.9

0.225

0.430

2

257

304

16.7

a

Applied potential; b radius of the anode; c radius of the outer cathode; d radius of the inner
cathode; e inner e-beam current; f outer e-beam current; g inner e-beam energy; h outer e-beam
energy; i % energy difference of inner and outer e-beam.

We are primarily interested in studying the I − V characteristics and current
density distribution near the peak of the MICDs so that we can calculate the energy
of each beam. To understand this, a detailed simulation result for different cases
is shown in Fig. 4.24. Figure 4.24a represents the same voltages ranging from 100
kV to 500 kV applied to MICDs for a magnetic field of 2 T as a function of time.
Figure 4.24b shows the electron beam currents emitted from both outer and inner
cathodes against each applied voltages that presented in Fig. 4.24a. As can be seen
in each applied voltage, the outer electron beam’s current is always more significant
than the inner electron beam’s current indicates that the current density of the inner
beam is higher than the current density of the outer beam. At lower applied voltage
ranging from 100 -200 kV there is not much current difference can be seen in this
case. Similarly, Fig. 4.24c shows electron beam energy against each applied voltage
as a function of time for magnetic field 2 T. As in Fig. 4.24b, there is also not any
energy difference at lower applied voltages.
A more clear view of current density at the diode’s surfaces for each applied voltage
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Figure 4.25: Plot shows simulated current density for MICDs in different solid and dashed
colored lines for different applied voltages ranging from 100 - 500 kV for a magnetic field of
3 T as a function of time.

ranging from 100 - 500 kV for magnetic field 2 T as a function of time can be seen in
Fig. 4.25. Different solid and dashed lines show the electron current densities at the
peak of each cathode’s surface. A closer view reveals that the current density of the
inner electron beam is always greater than the current density of the outer electron
beam as the emission area of the inner cathode is smaller than the emission area of
the outer cathode. This led us to determine the electron density for each beam by
applying the usual formula as we already know the electron velocity/momentum and
electron beam current emitted from a known emission area.
Another simulation of axial electric field as a function of time for different applied
voltages ranging from 100 kV to 500 kV and with magnetic field 2 T can be seen in
Fig. 4.26.
Figure 4.27a and Fig. 4.27b illustrate emitted outer and inner electron beam cur-
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Figure 4.26: Plot shows simulated axial electric field as a function of time. Applied voltage
is 100 to 500 kV, magnetic field 2 T.

rents for applied voltages ranging from 100 kV to 500 kV as a function of the radius
of the inner cathode. Both plots show a similar trend of beam current dependency
on the variations of the inner cathode’s radius. Figure 4.27 explains that comparable
currents for two beams powered by a single cathode at a single potential is possible
when the inner cathode is close to the outer cathode. As the inner cathode is positioned radially further away from the outer cathode, the difference between currents
increases.

4.3.3

Magnetic field effect

We also investigated the effect of the magnetic field on multiple electron beam generation by running a series of simulations. PIC simulations with different applied
magnetic fields show that there is not any significant difference in the obtained re-
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(a)

(b)

Figure 4.27: Plot shows data from MAGIC PIC simulations of two nested MICDs - (a)
MAGIC PIC simulated outer electron beam current (c) MAGIC PIC simulated inner electron
beam current for different applied voltages ranging from 100 - 500 kV for a magnetic field
of 3 T as a function time and the radius of the inner cathode ric .
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Figure 4.28: Plot shows results obtained from the MAGIC PIC code for different magnetic
field values (0.5 T, 1 T, 2 T, 3 T) where both electron beam currents meet at a particular
point. The plot on the right shows a zoomed view of the intersection point.

Figure 4.29: Plot shows a zoomed view of the emitted electron beam current from the
outer electron beam measured at the end of the drift tube for different values of the applied
magnetic field.

100

4.3. NUMERICAL MODELING OF TWO NESTED MICDS

Figure 4.30: Plot shows emitted electron beam current from inner electron beam measured
at the end of the drift tube for different values of the applied magnetic field.

Figure 4.31: Plot shows extracted beam energy for outer electron beam at the end of the
drift tube for different values of the applied magnetic field.
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Figure 4.32: Plot shows extracted beam energy for inner electron beam at the end of the
drift tube for different values of the applied magnetic field.

sults, as can be seen in Fig. 4.28. In this case, both currents meet at a particular point
in Fig. 4.28 where different values of magnetic field (i.e. 0.5 T, 1 T, 2 T, 3 T) are
applied. After a brief analysis, it can be concluded that, at some point, even applying
higher or an infinite magnetic field, the results do not change significantly after 3 T,
as can be seen in Figs. 4.29 and 4.30. Similarly, in the case of extracted output beam
voltage or beam energy in Fig. 4.31 and Fig. 4.32, beam voltage actually does not
vary much for different applied magnetic fields. In both cases, side zoom views can
tell the difference is only a few keV after applying different values of magnetic field.
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CHAPTER 5
PRELIMINARY EXPERIMENTS

5.1

SINUS-6 electron beam accelerator

The SINUS-6 is a high current, 10 - 15 ns short pulse electron beam accelerator.
The main components of SINUS-6 are a Tesla transformer, a pulse-forming line, a
high voltage spark gap switch, a transmission line, and a cold-cathode vacuum diode
represented as a block diagram in Fig. 5.1.
Tesla
transformer

Pulseforming line

High voltage
spark gap
switch

Transmission
line

Vacuum
diode

Figure 5.1: Block diagram of the SINUS-6 electron beam accelerator.

The SINUS-6 accelerator can be operated in a single shot regime with applied
voltages up to 700 kV and current 6 kA for a pulse duration of about 12 ns. As
can be seen in the block diagram, a ‘Tesla transformer’ basically comprises two inductively coupled circuits that convert a constant charge voltage to a high-voltage
pulsed voltage. The primary winding of the Tesla transformer is single turn, while
the secondary winding has 3,500 turns and the entire system is enclosed by a ‘pulse
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Figure 5.2: Vacuum diode region in SINUS-6 electron beam accelerator.

forming line’. A pulse forming line is an oil-filled coaxial line with impedance of about
22 Ω and electric field stress of about 180 kV/cm. The transit period for the pulse
forming line is 12 ns. Transformer oil is used for insulation of the high voltage of the
pulse forming line.
The SINUS-6 accelerator uses [51] a high-pressure nitrogen-filled spark gap switch
as the high-voltage switch where the maximum gauge pressure is about 22 atmospheres. The transmission line is a long, nonuniform adiabatic tapered wave line and
needs to match the ‘pulse forming line’ with the vacuum diode’s impedance. Like the
pulse forming line, the input impedance of the transmission line is about 22 Ω, and
the output impedance is about 130 Ω, and transmission oil is used for high voltage
insulation. The vacuum diode region is shown in Fig. 5.2 is where a cold, thin-walled,
explosive emission cathode is immersed in a magnetic field.

5.2

Experimental set-up

In high-current electron beam accelerators, typically a coaxial cold explosive (preferably graphite depending on nature of experiment) emission cathode is used (cf. in
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Fig. 5.3). Figure 5.3 shows all the cathodes with different diameters that are used
in experiments (note that these identical cathodes are also used as the basis for the
analytical calculations as well as the PIC simulations).
The annular cathode needs to be very thin with a sharp emitting edge to form
electron beams. Explosive emission cathodes are very thin to make sure that the
electric field strength on the cathode’s surface is about 107 V/cm [64]. This cold
explosive cathode needs to be immersed in a uniform magnetic field and the magnetic
field strength has a great influence on the electron beam formation inside the waveguide (cf. in Fig. 5.4).

(b)

(c)

(a)

(d)

Figure 5.3: (a) Thin annular graphite cathodes with different diameters. (b) Front view
of the MICDs. (c) Side view of the MICDs. (d) MICDs with cathode shank holder.

Figure 5.5 shows the beam dump or electron collector made of graphite material
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(a)

(b)

Figure 5.4: (a) Vacuum MICD immersed in a magnetic field. (b) Side view of the vacuum
chamber immersed in a magnetic field, and surrounded by radiation shielding of black brick
walls and absorbing foam; the MICD is inside the vacuum chamber.
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(a)

(b)

Figure 5.5: (a) Front view, (b) side view of the collector cup made of graphite material
with 44.45 mm diameter to capture the electron beam.

with 44.45 mm diameter to capture the spent electron beam. The FC diagnostic with
this graphite collector is set up at the end of the drift tube output window where
the FC probe comprises a semi-rigid coaxial cable with a center conductor connected
to a graphite collector (cup), as shown in Fig. 5.6. The charge captured by the FC
is measured across a shunt or current-viewing-resistor (CVR) and the signal is then
registered by an oscilloscope.

Figure 5.6: The schematic shows the demo set-up of the electron beam current measurements of the vacuum and air-side in the accelerator.
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In a similar manner, to capture the electron beams emitted from nested cathodes
or MICDs, a Faraday cup array (FCA) is set up at the end of the drift tube output window. The FCA probes comprise four semi-rigid coaxial cables with each of
their center conductors connected to four graphite collector (four cups), as shown in
Fig. 5.7. Four cups can be placed in order to measure the current density of the inner
and outer electron beams with different aperture sizes (as labeled in Fig. 5.7). In this
case, four signal responses passing via four apertures can be registered by the oscilloscope simultaneously if there are channels available. Otherwise, four signals can be
recorded individually by an oscilloscope without breaking vacuum and opening up
the system following each shot.

Figure 5.7: Schematic of the current set-up of the electron beam accelerator at UNM
shows three regions of the electron beam to be thoroughly studied and the demo set-up of
the electron beam current measurements from MICDs by Farday cup array.

5.3

Diagnostics procedure of pulsed electron beam

As mentioned earlier, the goal of the experiment is to validate the experimentally
measured parameters of two thin annular electron beams produced from two nested
MICDs on the SINUS-6 by using analytical calculations and PIC simulations. The
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experimental measurements of the electron beam parameters are performed by direct
monitoring of

i. pulsed accelerating voltage applied to the nested MICDs. Pulsed accelerating
voltage is measured via a capacitive voltage divider mounted at the end of the
transmission line upstream from the cathode’s edge (capacitive divider K=2500
in Fig. 5.2 ).
ii. the total or maximum pulsed electron beam current that is generated from the
tip of nested MICDs and measured with a Rogowski coil before propagating
downstream in a smooth-walled cylindrical waveguide immersed in a strong
magnetic field (Rogowski coil N=1000 in Fig. 5.2).
iii. the pulsed electron beam current emitted from the MICD (for a single beam
case) that is dumped into a FC (cf. in Fig. 5.5) and is measured via a CVR (cf.
shunt labeled in Fig. 5.6).
iv. the pulsed electron beam current generated from MICDs is measured via CVR
separately dumping the beams into the FCA (cf. FCs labeled in Fig. 5.7) (a) block the inner beam first, measure the outer beam current via CVR by
dumping the electron beam into the FCA.
(b) block the outer beam, and measure the inner beam current via CVR by
dumping the beam into FCA.
v. once the electron beam currents from the inner and outer cathodes are known,
in a similar manner, the electron beam current density is measured separately
by passing the beam through a very small aperture ≤0.1 mm by the following
methods
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(a) block the inner beam first, and calculate current density by passing the
outer beam current via 0.1 mm aperture.
(b) block the outer beam, and calculate current density by passing the inner
beam current via 0.1 mm aperture.
vi. once the electron beam current and current density calculated via. FC array
from the inner and outer electron beam are known, electron beam energy can
be calculated by the following method (a) integrate the inner and outer electron beam current to obtain the electron
charge for each case.
(b) obtain the charge density (C/m−3 ) from calculated charge for each beam.
(c) from known charge, charge density, and current density, it is possible to
estimate electron velocity.
(d) from the electron velocity it is possible to know the electron beam energy.

5.4
5.4.1

Preliminary experimental results
Beam current diagnostics via the FC

The FC is one of the most simplest methods to measure electron or ion beam current
density [111]– [112]. The basic principle of the FC (typical design looks like a cup) is
that electrons are absorbed by a block of conductive material (e.g., graphite, brass,
Copper, Al, etc.) in the form of a cup, and the resulting current from the FC can
be measured across a shunt resistor or CVR. This measurement ultimately results in
the electron beam current by applying Ohm’s law if a shunt resistor or CVR is used.
There are some limitations of FC uses for application to high-energy electron/ion
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beams. In the case of high current/energy measurements, the absorbing material
needs to be thicker than the stopping power depth for the charged particle to avoid
complicating factors, such as backscattering/secondary particles. Graphite material
is widely used to reduce the backscattered electrons [113].
In this dissertation work, a number of FC set-up were attempted to obtain the
electron beam current via a CVR. RG-58 coaxial cable is connected from the output
port of the CVR to the oscilloscope (Tektronix DPO 71254C) located in the screen
room. A basic schematic design with FC set-up of the electron beam measurements
is shown in Fig. 5.6. The actual hardware parts, diagnostics set-up, and preliminary
experimental results of measuring electron beam formation are shown in Fig. 5.8.
Figure 5.9 shows signal responses from the capacitive voltage divider probe (yellow), Rogowski coil (blue), and FC (pink) as recorded by the oscilloscope (Tektronix
DPO 71254C). In this case, a single cathode with 18 mm diameter and 49 mm long
used placed for I −V measurements. The gas pressure in the gas switch is set to about
106 psi to obtain an accelerating voltage of 400 kV. The pulsed accelerating voltage is
measured via a capacitive voltage divider mounted near the end of the transmission
line. The total electron beam current is obtained from the Rogowski coil placed near
the cathode source (MICD). These signals are registered by the oscilloscope via long
coaxial cables inside the screen room (Faraday cage). The electron beam currents
emitted from the edge of the MICDs are measured by a FC. The FC is fed by a
semi-rigid coaxial feed-through with a center conductor and placed in the vacuum
side at the end of the pipe window port. The distance between beam emitting surface
to FC is about 8.9 cm. The output end of the center conductor of the semi-rigid
coaxial cable is connected to a a CVR where the output BNC port of the CVR is
connected to the oscilloscope. The voltage drop signal across the CVR is monitored
by the oscilloscope, which ultimately gives us the FC measurements, as can be seen
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(a)

(d)

(g)

(b)

(c)

(e)

(h)

(f )

(i)

Figure 5.8: (a) MICDs connected to cathode shank with cathode holder, (b) MICD connected to to a polished shank with cathode holder, (d) scale shows beam diameter ≈18 mm,
(e) annular electron beam ring on the plastic witness plate, (f) scale shows beam thickness
≈0.2 mm, (g) front view of nested MICDs, (h) beam dumped into FC with brass plate to
observe beam diameter to place a aperture plate to measure current density, (i) two beam
rings on brass plate, [note* -not aligned]. In this case, accelerating voltage is about 400 kV,
magnetic field strength is 2 T.
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Figure 5.9: Responses from the capacitive voltage divider probe (black), Rogowski coil
(red), and FC (blue).

by the blue signal in Fig. 5.9.
Theoretically, the FC signal should be similar to the signal of the total electron
beam current signal (i.e., Rogowski coil signal, red color), as can be seen in Fig. 5.9.
The peak amplitude of the FC signal seems slightly higher than the peak value of
the signal response from the Rogowski coil. In addition, the FC signal shows some
oscillations and negative DC-offset values after 10 ns. If we line up the two signals to
compare their pulse shape without considering the cable lengths (due to unavailability
of the cable time delay calibration measurements data), we can see that both signals
(Rogowski coil, FC) seem to have the same pulsewidth (cf. in Fig. 5.10). Figure 5.10
shows a clear view of how two signals are lined up. The bottom plot shows the
horizontal axis is time shifted backward to align the FC with the Rogowski coil. The
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Figure 5.10: Top - experimental oscillogram from Rogowski coil. Bottom - the horizontal
axis (time) of the FC signal is shifted backward to line up with Rogowski coil’s signal. The
curves were lined up to ease comparison and cable lengths were not accounted for.
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time shift of the FC signal (>10 ns) is intended to align and compare the pulsewidth
of the two signals, but requires knowledge of cable lengths to calculate delay time
correctly. However, this may also give us a sense of the time-of-flight of the beam
electrons through a known drift tube length, which may also help us to check the
calculated electron beam energies.
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CHAPTER 6
ANALYSIS OF RESULTS

6.1

Analysis of analytic, simulation, and experimental results

In this section we analyze the data obtained from analytic (in Section 3.4), simulation
(in Section 4.3) and preliminary results from experiments (in Section 5.4).
In order to achieve two electron beams with comparable currents and maximum
energy difference, we find that the best position for the inner cathode’s radius is

3
4

of the outer cathode’s radius. In this case, we achieve similar currents, Iib ≈ Iob
(Iib = 1036.5 A and Iob = 1035 A) but more than 10% energy difference from both
electron beams, while the inner beam’s radius is 0.69 cm and outer beam’s radius is
0.92 cm (cf. Table 6.1). It is also important to note that we have performed a series of
MAGIC PIC simulations and the results are consistent between analytic predictions
and the numerical simulation. (It should be pointed out that here we are considering
two nested MICDs, but that this derivation can be extended to three or more nested
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Figure 6.1: Analytical and simulation results of outer and inner electron beam currents
and analytical and simulation results of outer (black) and inner electron beam energies as a
function of the radius of the inner cathode ric .

MICDs.)
The electron beam currents and kinetic energies on the same plot as a function
of the inner cathode’s radius is shown in Fig. 6.1, where the inner cathode varies
from 0.225 cm to 0.8 cm for an applied voltage of 400 kV. The most striking result is
that the two electron beam currents meet at the same point at 0.69 cm (viz., radial
position of inner cathode) and a greater than 10% energy difference between two
beams is achieved exactly at that point (cf. in Fig. 6.1). The data are presented
in Table 6.1. For an applied voltage of 400 kV, ric = 0.69 cm, and roc = 0.92
cm, the energy difference is about 11.8% (in theory) and about 9% (in simulations),
but both electron beam currents are comparable (Iib.cal = 1036 A, Iob.cal = 1034
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A, Iib.sim = 941 A, Iob.sim = 1095 A) from both theory and simulations. In this
case (while, ric = 34 roc = 0.69 cm) we achieve more than 10% energy difference and
comparable currents that we are seeking. Remarkably, simulations also give us similar
results as theory where about a 9% energy difference and about the same electron
beam currents (Iib.sim = 941 A, Iob.sim = 1095 A) are obtained. In addition, for other
cases (while the inner cathode’s radii are ric = 14 roc = 0.24 cm and ric = 12 roc = 0.47
cm), more than 10% energy difference can be achieved in both theory and simulations.
A comparison of theory and simulation results for outer electron beam currents
from two nested MICDs is shown in Fig. 6.2. There are five different colors representing five different applied voltages ranging from 100 - 500 kV and the solid lines with
different colors show the calculated data and different markers with associated solid
lines show simulated data obtained using the MAGIC PIC code in both Figs. 6.2a
and 6.2b. The x-axis shows the inner cathode’s radial position from ric = 0.24 cm to
ric = 0.81 cm (where, ric < roc = 0.92 cm), and the y-axis represents the beam current
[kA]. As can be seen, the calculated and simulated outer electron beam currents show
excellent agreement for applied voltages ranging from 100 - 300 kV. Good agreement
can be seen for applied voltages ranging from 400 - 500 kV as well. Similarly, in
Fig. 6.2b the calculated and simulated inner electron beam currents show fairly good
agreement for applied voltages of 100 - 200 kV. Good agreement can be seen for 300 500 kV as well. Both figures illustrate that, when the inner cathode is radially farther
away from the outer cathode (i.e., at ric =0.225 cm), we observe that the outer electron beam current is greater than the inner electron beam current. As both electron
beams get closer, the outer electron beam’s space charge starts screening the inner
electron beam. If both electron beams are very close to each other (i.e., ric =0.8 cm),
we observe that the inner electron beam current is greater than the outer electron
beam current.
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(a) Analytics and simulations of Iob as a f (ric )

(b) Analytics and simulations of Iib as a f (ric )

Figure 6.2: Plot shows data from analytically calculated and MAGIC PIC simulations of
two nested MICDs as a function of the radius of the inner cathode ric . (a) The solid lines
with different colors show the calculated outer electron beam current and different markers
associated with each solid line corresponds to MAGIC PIC simulated outer electron beam
current, and (b) the solid lines with different colors show the calculated inner electron beam
current and different markers associated with each solid line corresponds to MAGIC PIC
simulated inner electron beam current for different applied voltages ranging from 100 - 500
kV for a magnetic field of 3 T. The total simulation time was 10 ns.
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(a) Analytical calculations and simulations of Ekob as a function of ric

(b) Analytical calculations and simulations of Ekib as a function of ric

Figure 6.3: Plot shows data from analytically calculated and MAGIC PIC simulation of
two nested MICDs as a function of the radius of the inner cathode ric . (a) The solid lines
with different colors show the calculated outer electron beam energy and the filled circles
associated with each solid line corresponds to MAGIC PIC simulated outer electron beam
energy, and (b) the solid lines with different colors show the calculated inner electron beam
energy and the filled circles associated with each solid line corresponds to MAGIC PIC
simulated inner electron beam energy for different applied voltages ranging from 100 - 500
kV for a magnetic field of 3 T. The total simulation time was 10 ns.
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If we now focus on the electron beam energy plots (cf. in Fig. 6.3), we observe both
theory and simulations for the case of the outer electron beam energy show excellent
agreement for applied voltages ranging from 100 – 500 kV (cf. in Fig. 6.3a). Good
agreement is observed for the inner electron beam at comparatively lower voltages
(i.e., 100 kV and 200 kV) (cf. in Fig. 6.3b), but at higher applied voltages >200 kV,
a slight difference between the analytical and simulation results can be seen, as is
shown in Fig. 6.3b). As in Fig. 6.2, a linear relationship between the beam energies
and radial gap of the two beams is observed. The energy difference is greater than
15% for both theory and simulations when the radial gap between the two electron
beams is larger. We achieve a decent energy difference of 9-11% at ric =0.69 cm with
comparable currents as we discussed earlier.
We were interested in the dependence of the electron beam parameters for different
⃗ = 0.5 T, B
⃗ = 1 T, B
⃗ = 2 T, B
⃗ = 3 T) and the
values of applied magnetic field (B
results are consistent between analytical predictions and PIC simulations, as shown
in Fig. 6.4. Both Fig. 6.4a and Fig. 6.4b show excellent agreement between analytical
calculations and simulations for different magnetic fields. At lower applied voltages
(i.e., at 100 kV) both curves overlap, meaning we do not see any energy difference;
but at higher applied voltages >100 kV, both beams start apart from each other
and we observe a greater energy difference. Similar trends can be seen in Fig. 6.4b
where both electron beams appear to be same value at 100 kV and 400 kV, but as we
increase voltage, the outer electron beam current tends to be higher than the inner
beam’s current. Both plots illustrate that analytical and simulation results do not
show significant difference (only a few kev or a few Amps difference) for different
magnetic fields. Our interest is in the geometry where rib = 43 rob and at 400 kV we
see consistent results for different magnetic fields where we achieve more than 10%
energy difference with comparable currents.
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(a) Ekob and Ekib with different magnetic fields

(b) Iob and Iib with different magnetic fields

Figure 6.4: Plot shows the analytically calculated (red dash dot, blue dotted lines) and
MAGIC PIC simulated (with different markers) inner and ‘outer’ electron beam (a) energies,
and (b) currents for different applied voltages ranging from 0 - 600 kV and magnetic fields
⃗ = 0.5, 1, 2, 3 T, for a total simulation time of 10 ns. For both plots, the inner beam’s
of B
radius is rib = 43 rob .

122

6.1. ANALYSIS OF ANALYTIC, SIMULATION, AND EXPERIMENTAL
RESULTS

⃗ = 0.5T and rib = 1 rob
(a) Ek and current I as a function of applied voltages for B
4

⃗ = 0.5T and rib = 1 rob
(b) Ek and current I as a function of applied voltages for B
2

Figure 6.5: Plot shows the analytically calculated (solid black, green dash, dotted blue,
and red dash dot lines) and MAGIC PIC simulated (filled markers with different colors)
inner and outer electron beam current and energy as a function of applied voltages for (a)
⃗ = 0.5 T and rib = 1 rob .
⃗ = 0.5 T and rib = 1 rob , and (b) B
B
4
2
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Table 6.1: Calculated and simulated data of electron beam current and electron beam
energy from each cathode for different cases for an applied voltage of 400 kV and magnetic
field of 3 T (in simulations).
aϕ

a

f
g
h
i
j
k
l
m
n
o
e
d
br cr
oc ric hc Iib.cal Iob.cal Iib.sim Iob.sim Eib.cal Eob.cal ∆E Eib.sim Eob.sim ∆E
a

[kV] [cm] [cm] [cm] [cm] [kA]

[kA]

[kA]

[kA]

[keV]

[keV]

%

[keV]

[keV]

%

400 2.5 0.92 0.24 0.02 0.46

1.6

0.32

1.7

167

223

28

189

225

17

400 2.5 0.92 0.47 0.02 0.70

1.37

0.56

1.47

181

223

20

193

225

15

400 2.5 0.92 0.69 0.02 1.03

1.03

0.94

1.09

199

224

11

203

223

9

400 2.5 0.92 0.81 0.02 1.3

0.76

1.26

0.77

212

226

6

208

224

7

a

Applied voltage.
Anode radius.
c
Outer cathode’s radius.
d
Inner cathode’s radius.
e
Thickness of the cathode.
f
Inner electron beam current (theory).
g
Outer electron beam current (theory).
h
Inner electron beam current (simulation).
i
Outer electron beam current (simulation).
j
Inner electron beam energy (theory).
k
Outer electron beam energy (theory).
l
Energy difference between inner (Eib.cal ) and outer. (Eob.cal ) electron beam energy (theory).
m
Inner electron beam energy (simulation).
n
Outer electron beam energy (simulation).
o
Energy difference between inner (Eib.sim ) and outer (Eob.sim ) electron beam energy (simulation).
b

We also investigated other radial positions (i.e., rib = 41 rob and rib = 12 rob ) of the
inner beam with respect to the outer beam, as shown in Fig. 6.5. Both analytically
calculated and simulation currents agree fairly well; the outer electron beam energy
shows excellent agreement for both cases, the inner (green) electron beam energy
simulation curves show a little difference from the analytical calculations. In this case,
it is important to point out that, at higher applied voltages, the gap between the two
electron beam currents increases as the difference between energies increases. The
trend for the difference between inner and outer electron beam currents and energies
indicates that the radial difference between the two cathodes and their relative axial
separation are key factors in determining what can lead to two electron beams with
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comparable currents and maximum energy difference.
We focus next on the electron beam density and plasma frequency as a function
of the inner cathode’s radius for an applied voltage of 400 kV since these are critical
parameters in designing a multi-stream TWT [4]. We calculate electron density for
the inner and outer electron beams from the relationships between charge density,
current density, and electron velocity, given by,

neib =

Iib√
γib
,
2 −1
e0 Aib c γib

neob =

and

(6.1)

Iob√
γob
.
2 −1
e0 Aob c γob

(6.2)

We find the electron plasma frequency corresponding to the inner and outer electron
beams using the relation between electron density and electron plasma frequency that
is given by [26]
s
ωp ib =

s
ωp ob =

neib e20
,
m0 ϵ0

(6.3)

neob e20
,
m0 ϵ0

(6.4)

where the plasma frequency can also be calculated by [114]

wp
2π

√
= fp ≈ 9 ne (ne in m−3 ).

Figure 6.6 shows the electron density and electron plasma frequency as a function
of the inner beam’s radius where inner and outer denote electron beam density as
a function of the inner beam’s radius for an applied voltage of 400 kV. Fig. 6.6a
shows the inner and outer electron beam density for an applied voltage of 400 kV as
a function of the inner beam radius rib and Fig. 6.6b shows the corresponding plot
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(a) Electron density as a function of rib

(b) Electron plasma frequency as a function of rib

Figure 6.6: Plot shows the calculated (a) inner dotted red and outer blue dash electron
beam density, and (b) inner dotted red and outer blue dash electron beam plasma frequency
for the applied potential of 400 kV as a function of the radius of the inner beam rib .
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Figure 6.7: The dotted red and the blue dash dot lines show the calculated dimensionless
velocity β for the inner and outer electron beams as a function of ric for an applied potential
400 kV.

for plasma frequency. In this case, the outer electron beam plasma frequency is lower
than the inner electron beam plasma frequency. An explanation for this is that, since
the radius of the inner electron beam is less than the outer electron beam’s radius,
its current density is greater, resulting in a higher plasma frequency.
The dimensionless inner and outer electron beam velocities as a function of rib can
p
p
2
be seen in Fig. 6.7, where βib = γ1ib γib2 − 1 and βob = γ1ob γob
− 1 correspond to the
inner and outer electron beam dimensionless velocities, respectively. In Fig. 6.7, the
x-axis represents the inner cathode’s radial position from 0.24 cm to 0.81 cm and the
y-axis represents the β value from 0 to 1. The blue dash dot and the dotted red lines
show the analytically calculated dimensionless velocities βob for the outer and βib inner
electron beams, respectively, as a function of rib for an applied voltage of 400 kV. At
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the inner cathode’s radius ric = 0.69 cm, the β value for the outer electron beam is
βob =0.7187 and the β value for the inner electron beam is βib =0.6941. The velocity
for the two beams are in this case vob = 2.16 × 108 m/s (outer) and vib = 2.08 × 108
m/s (inner), respectively.
Preliminary experimental results show that it is possible to obtain the electron
beam current separately using the FC diagnostic. Figure 5.9 shows experimental
measurements from SINUS-6 of oscillograms of accelerating voltage (negative polarity,
black signal) and maximum electron beam current (positive polarity, red signal) from
the Rogowski coil, and electron beam current from the FC (negative polarity, pink
signal). The voltage waveform from the capacitive voltage divider registered on the
oscilloscope is calculated by Eq. 6.5. The coaxial cable to measure accelerating
voltage is connected to a 40 dB attenuator before the oscilloscope. The calibration
factor (CF) for the capacitive voltage divider is 2450 [115], [116]

Vaccl. kV =

Vscope (V) × 100 (40dB)
× 2450 (CF).
1000

(6.5)

Similarly, the total current obtained from the Rogowski coil by using Eq. 6.6.
The CF for the Rogowski coil is measured to be 24.97 A/V,

Itot.

Vscope (mV) × 100 (40dB)
in A =
(V) × 24.97
1000

 
A
.
V

(6.6)

The electron beam current collected at the graphite collector is calculated using
Eq. 6.7. One end of the coaxial cable connected to the output end of the BNC port of
the CVR and the other end of the coaxial cable is connected to the oscilloscope with
20 dB attenuator. The CVR model is W-2-0025-4FC with 2 ns rise-time purchased
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from T&M Research Products, Inc. Albuquerque, NM [117].

Iout. in A =

Vscope (mV) × 10 (20dB)
1
(V) ×
.
1000
Rshunt
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CHAPTER 7
CONCLUSION AND FUTURE
WORK

7.1

Conclusion

The research presented in this dissertation is the first study of multi-electron beam
generation with different energies from a single cathode at a single potential with
application to a multi-stream TWT. We demonstrated the generation of two beams
with comparable currents and with an energy difference of about 4%–31% for applied
voltages ranging from 100 - 600 kV and depending on the radial position of the
inner cathode with respect to the outer cathode and the relative axial extension of
the inner cathode with respect to the outer cathode using both analytical theory
and PIC simulations. One of the significant findings to emerge from both analytical
theory and PIC simulations is that, at a certain value of inner cathode radius and a
certain axial extent of the inner cathode compared to the outer cathode, the beam
currents for both inner and outer electron beam are comparable and that greater
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than 10% energy difference can be achieved. This is highly important for the multistream TWT amplifier concept [4]. Experiments are still ongoing in the Pulsed Power,
Beams, and Microwaves Laboratory at UNM to validate these findings. It should be
noted that this technique for generating two electron beams with approximately 10%
difference in energies and comparable currents from two MICDs on a cathode stalk
at a single potential is most effective when the beams have a significant space charge.
This restricts the parameter range of feasibility to, roughly, voltages >100 kV and
currents >1 kA.
The methods and results of this study are summarized below:

1. Both quantitative and qualitative techniques have been approached for all three
analytic, simulation and experiment methods.
2. A simplified analytic mathematical derivation for multiple beams has been
achieved by following Fedosov’s theory for a single MICD and extending it
to two nested MICDs.
3. A benchmarked PIC (MAGIC) simulation is optimized to study multiple electron beam generation from MICDs powered by a single cathode at a single
potential.
4. A case study approach is followed to identify an optimal geometry from this
nested cathode model by (a) considering the actual parameters used in the SINUS-6 electron beam accelerator
(b) taking into account the present experimental set-up at the Pulsed Power,
Beams, and Microwaves Laboratory at UNM where -

131

7.1. CONCLUSION

i. voltage is measured by using a capacitive voltage divider mounted
upstream in the oil section from the edge of the cathode.
ii. the cathode shank is connected to the cathode stalk/holder in the
diode region and an explosive annular graphite cathode in connected
to the cathode shank.
iii. a Rogowski coil is placed in the middle of the cathode shank holder
and the explosive cathode.
iv. the 40 cm-length vacuum tube is surrounded by 9 solenoid coils to
provide a uniform magnetic field.
v. the graphite cathode is immersed inside the vacuum.
(c) fixing the position (r, z) of the outer cathode with actual parameters used
in experiments on Sthe INUS-6 electron beam accelerator.
(d) applying voltage ranging from 100 kV - 600 kV.
(e) applying uniform magnetic field ranging from 0.5 T, 1 T, 2 T, 3 T in
analytical, simulation, and experimental work.
(f) applying an infinite magnetic field in simulation in order to align with
theoretical hypothesis.
(g) varying inner cathode’s radius radially with respect to the outer cathode’s
radius.
(h) varying inner cathode’s length axially with respect to the outer cathode’s
length.
(i) an empirical strategy is followed in this case to find out the exact length.
5. An optimal geometry to obtain energy difference can be identified for (a) a fixed radius of the outer cathode.
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(b) the position of the radius of the inner cathode is less than the radius of
the outer cathode.
(c) the axial length of the inner cathode must be greater than the axial length
of the outer cathode to achieve a minimum % of energy difference.
(d) the axial length of the inner cathode needs to be at least 15% increased
from the fixed axial length of the outer cathode.
6. PIC simulation results show that the outer beam space charge screens the space
charge of the inner beam, and in that case, a comparable current with 10%
energy difference can be achieved when two beams are radially close to each
other and axially inner beam is longer than the outer beam. A detailed result
can be seen in Table 4.3 and 4.4 for the case of ric = 34 roc .
7. Analytical and simulation results agree well with one another cf. in Table 6.1.

7.2

Future work

The methodology presented here can be extended to generate three or more nested
beams from a single cathode stalk at a single potential. The analytical derivation
needs to be expanded for the possibility of more than two beams to be used. In
addition, finding an analytical theory of axial length dependency of the geometry of
the problem needs to be studied.
Because of the limited time, it was not feasible to complete the experimental work.
The experimental steps described in Section 5.3 should be performed or repeated
thoroughly in order to measure the electron beam current, current density, and energy
from each beam separately in experiment. In this case, a qualitative and quantitative
approach will be used to validate the analytical and simulation results.
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Most HPM devices use annular explosive emission cathodes or tubular electron
beams [118] in experiments. We attempted to perform simulations with different
shapes of cathodes in the CST PIC solver. The goal was to check if these cathodes
can potentially produce two beams, as can be seen in Table B.1 in appendix B. These
simulations were performed using a 3D explosive emission model environment by
applying a negative cathode potential immersed in an axially uniform magnetic field
of about 1 T. No significant energy difference was found in the electron beams in these
simulations. In addition, CST Particle Studio takes a very long time to perform the
3D simulations. To further understand the problem, we moved to the MAGIC PIC
code to study the two-beam-producing cathode geometries and the characteristics
of the resultant beams in a drift tube. In the end, we selected the two annular
emitters (second entry in the Table B.1) as two nested MICDs to pursue in analytical
calculations, PIC simulations, and experiments. Revisiting these different cathodes in
CST or performing simulations in another benchmark software would be worthwhile
in the future.
In addition to using these several shaped cathodes, most HPM devices also use
cylindrical or toroidal drift spaces in experiments [119]. Thus, the need for developing
analytics corresponding to more than one dimension may be necessary. The mathematical derivation or analysis for the MICDs for momentum distribution pθ ̸= 0 is
very difficult to analyze. The author had attempted to see if there is any significant
contribution of the momentum or energy in the ρ and θ direction (cf. in Fig. B.1).
Considering 3D in the analytical derivation exceeds the scope of this dissertation.
However, the MAGIC 3D PIC simulation results are consistent with MAGIC 2D and
the analytical results. Self-consistently solving Poisson’s equation for in 3D is a complicated process and requires a numerical approach or computer simulations [120].
Considering a very thin annular beam is one of the essential assumptions for the
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geometry of the problem. The thickness of the beam must be much less than both
the beam radius and the gap between the outer radius of the cathode and the inner
radius of the anode. Both analytical and simulation results suggest that there might
be a rational relation between the radius of the MICDs, the axial length of the MICDs
(including both cathodes), and the gap between the outer radius of MICDs to the
inner radius of the anode/drift tube. Finding this relationship in terms of using two
or multiple beams in HPM devices could be a great invention.
In experiments using the SINUS-6 electron beam accelerator, a high magnetic
field strength of 2-3 T is typically used, so self-magnetic field can be considered as
negligible. The strong magnetic field regarding MICDs and the electrons emitted
from graphite cathode (i.e., poco) allow 1D electron flows in the drift tube. Previous
experimental results from Andreev [116] show significant contribution by the SCL
current and this rise of limiting current could be a concern. It is now known since
over a almost a century that there is a maximum current that can pass through
a vacuum pipe in either the relativistic or nonrelativistic regime [105], [106]. This
limiting current is known as the SCL current. If the beam current is less than the
SCL current, the beam becomes laminar and then there are two possible solutions
corresponding to high velocity and low density [121]. For the case when the beam
current is greater than the SCL current, there is no solution found yet [57]. It has
been shown that the existence of the steady state flow of current exceeding the SCL
limited current (ISCL ) is not possible [99]. In the case of electron beam current greater
than SCL current, a virtual cathode would form in front of the source cathode [122].
This virtual cathode leads to reduced emitted current from the cathode while injected
current increases [123]. The virtual cathode is a point where a fraction of the beam
comes to rest and introduces instability in the beam [124]. Knowledge of the SCL
current is required to measure accurately in many high frequency electron beam
devices or any vacuum electron devices (VEDs), plasma produced devices, and HPM
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devices [125]. To generate HPM, the community uses electron beams with high voltage
and high current. Therefore, relativistic effects must be considered in terms of the
SCL current.

136

Appendix A

To obtain the equation for the outer electron beam current in the plane z = z2 , we
find the potential difference of the outer beam - anode gap and the outer beam - inner
cathode gap in the plane z = z2 . We assume rh = rob = ro , where ob =outer beam.
Therefore, the potential difference across the outer beam - anode gap in the plane
z = z2 is given by
ra

Z
ϕa − ϕh = −

Er2(h+) dr =
rh

Ih+
Ih+
ln (ra/rh ) =
ln (ra/ro ) .
2πϵ0 vh
2πϵ0 vh

(A.1)

The potential difference across the outer beam - inner cathode gap in the plane
z = z2 is given by
Z

ri

ϕi − ϕh = −

Er2(h−) dr =
rh

Ih−
Ih−
ln (ri/rh ) =
ln (ri/ro ) .
2πϵ0 vh
2πϵ0 vh

(A.2)

We have
ϕa =

c2
(γa − 1)
η

(A.3)

ϕh =

c2
(γh − 1).
η

(A.4)

and
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The relativistic mass is given by
me
m= q
1−
Here γ =

m
me

.

(A.5)

cp 2
γ − 1.
γ

(A.6)

v2
c2

and
v=

We will also need the relativistic momentum equation

p
p = mc γ 2 − 1.

(A.7)

From Eq. A.6, we have the outer beam velocity in the γh region as
c
vh =
γh

q
γh2 − 1.

(A.8)

We now utilize Eqs. A.3, A.4, A.8 in Eqs. A.1 and A.2 and our goal is find the total
current Ih for the outer electron beam in the plane z = z2 .
Hence, from Eq. (A.1),

Ih+

p
2πϵ0 c3 (γa − γh )( γh2 − 1)
.
=
η
γh ln (ra/ro )

(A.9)

Equation A.9 is similar to Fedosov’s beam current equation for a single MICD [26].
Similarly, from Eq. A.2, where we assume the potential of the inner cathode
ϕi = 0, we obtain
Ih−

p
2πϵ0 c3 (γh − 1)( γh2 − 1)
=
.
η
γh ln (ro/ri )

(A.10)

We now can calculate the total current Ih = Ih+ − Ih− in the plane z = z2 , which is
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given as
Ih = Ih+ − Ih−
"
#
p
2πϵ0 c3 ( γh2 − 1) (γa − γh ) (γh − 1)
⇒ Ih =
−
.
ηγh
ln (ra/ro )
ln (ro/ri )

(A.11)
(A.12)

Multiplying both sides of Eq. A.12 by ln (ra/ri ) we obtain
"
#
p
3
2
−
1)
γ
2πϵ
c
(
(γ
−
γ
)
(γ
−
1)
0
a
h
h
h
−
ln (ra/ri ) .
⇒ Ih ln (ra/ri ) =
r
a
ηγh
ln ( /ro )
ln (ro/ri )

(A.13)

For simplicity, assume that the geometrical factor g is given by

g=

ln (ro/ri )
ln (ra/ri )

(A.14)

and
1
ln (ra/ri )
.
=
g
ln (ro/ri )

(A.15)

Therefore,

1−g =1−

ln (ro/ri )
ln (ra/ri ) − ln (ro/ri )
ln (ra/ro )
=
=
ln (ra/ri )
ln (ra/ri )
ln (ra/ri )

(A.16)

and
1−g
=
g

ln(ra/ro )
ln(ra/ri )
ln(ro/ri )
ln(ra/ri )

=

ln (ra/ro )
.
ln (ro/ri )

(A.17)

Hence, from Eq. A.13,
"
#
p
3
2
2πϵ
c
(
γ
−
1)
(γ
−
γ
)
(γ
−
1)
0
a
h
h
h
− ln(ro/r )
⇒ Ih ln (ra/ri ) =
ln(ra/ro )
i
ηγh
ra
ra
ln( /ri )
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p


2
γh − 1  γ − γ
2πϵ0 c
γh − 1
a
h
⇒ Ih =
−
.
ηγh ln (ra/ri )
1−g
g
3

(A.18)

γh is the unknown in Eq. A.18.
We will now find the equation for γh in the plane z = z2 . We integrate over the
volume between radii ri and ra and cross-sections z1 and z2 and apply conservation
of momentum in the z direction for the system [2] in Fig. 3.6 to obtain
Z

ra
2
Er1
rdr

Z

ra

Z

2
Er2
rdr =

ri

ri

Z

ra

−

ra

Z

Ih ph
πe0 ϵ0

ro

Ih ph
πe0 ϵ0
ri
ro
ro

2

2
2
Ih+
ϕa
I
Ih ph
h−
ra/ro ) −
ro/ri ) =
⇒
−
ln
(
ln
(
.
ln (ra/ro )
2πϵ0 vh
2πϵ0 vh
πe0 ϵ0

⇒

2
Er1
rdr

−

2
Er2
rdr

−

(A.19)

2
Er2
rdr =

(A.20)
(A.21)

Replacing ϕa from Eq. A.3, vh from Eq. A.8, Ih+ from Eq. A.9, and Ih− from Eq.
A.10 inserting into the LHS of Eq. A.21 yields

LHS =

c4 (γa − 1)2 c4 (γa − γh )2 c4 (γh − 1)2
− 2
− 2
.
η 2 ln (ra/ro )
η ln (ra/ro )
η ln (ro/ri )

(A.22)

We will now work on the RHS by replacing Ih from Eq. A.18 and ph from Eq.
A.7 to obtain


2c4 (γh2 − 1) γa − γh γh − 1
RHS = 2
−
.
η γh ln(ra/ri ) 1 − g
g

(A.23)

Finally, we equate LHS = RHS and multiply both sides of Eqs. A.22 and A.23 by

140

η2
c4

APPENDIX A

and ln(ra/ro ) to obtain

2

2

(γa −1) −(γa −γh ) −(γh −1)
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−g
2(γh2 − 1) γa − γh γh − 1
=
−
(1−g). (A.24)
g
γh
1−g
g

The solution of the quadratic (Equation A.24) is obtained by using the software
PTC Mathcad Prime 6.0.0.0:





1

 √

γh =  (8γa −8)g+9−1
2

 √

(8γa −8)g+9−1
−
2










(A.25)

(8γa − 8)g + 9 − 1
.
2

(A.26)

which yields the solution for γh (where γh > 1)

p
γh =

If we use γh in Eq. A.18, we obtain the equation for the outer electron beam
current with all variables known. We know the current remains the same in the
system and, therefore, we will use this known current equation to solve the equations
far away from the cathode in the plane z = z3 .
The jump in the electric field from the inner beam to the outer beam in the plane
z = z3 is given by
Er3(ob+) =

qob+
Iob+
=−
.
2πrϵ0
2πrvo ϵ0

(A.27)

The jump in the electric field from the outer beam to the inner beam in the plane
z = z3 is given by
Er3(ob−) =

qob−
Iob−
=−
.
2πrϵ0
2πrvo ϵ0

141

(A.28)

APPENDIX A

The potential difference across the outer beam - anode gap is given by
Z

ra

ϕa − ϕob = −

Er3(ob+) dr =
rob

Iob+
ln (ra/rob ) .
2πϵ0 vo

(A.29)

The potential difference across the outer beam - inner beam gap is given by
Z

rob

ϕob − ϕib = −

Er3(ob−) dr =
rib

Iob−
ln (rob/rib ) .
2πϵ0 vo

(A.30)

To simplify the notation we assume ϕob = ϕo , ϕib = ϕi , Iob = Io , rob = ro , and rib = ri .
We now replace ϕa and ϕo from Eq. A.3 and vo from Eq. A.6 and we use them in
Eq. A.29 to obtain the equation for current I(o+) = Iob from the outer electron beam
far away from the outer cathode in the plane z = z3

Io+

2πϵ0 c3
=
η

p
γo2 − 1(γa − γo )
.
γo ln (ra/ro )

(A.31)

p
γo2 − 1(γo − γi )
.
γo ln (ro/ri )

(A.32)

Similarly, Eq. A.30 gives us

Io−

2πϵ0 c3
=
η

Now, the total current Io = Io+ − Io− is given by
"
#
p
2πϵ0 c3 ( γo2 − 1) (γa − γo ) (γo − γi )
Io =
−
.
ηγo
ln (ra/ro )
ln (ro/ri )

(A.33)

Multiply both sides of Eq. A.33 by ln (ra/ri ) to obtain
"
#
p
3
2 − 1) (γ − γ )
2πϵ
c
(
γ
(γ
−
γ
)
0
a
o
o
i
o
⇒Io ln (ra/ri ) =
−
ln (ra/ri ) .
ηγo
ln (ra/ro )
ln (ro/ri )
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Using Eqs. A.14 and A.16 in Eq. A.34 yields
2πϵ0 c3
Io =
η ln (ra/ri )

p


γo2 − 1 γa − γo γo − γi
−
.
γo
1−g
g

(A.35)

This equation for current Io is our desired solution for the outer electron beam current
in the system at z = z3 .
In a manner similar to finding the outer electron beam current solution, we will
now find the solution for the inner electron beam current Iib = Ii in the same plane
z = z3 . The electric field in the plane z = z3 for the inner beam is given by

Er3(ib) =

qib
Iib
Ii
=−
=−
.
2πrϵ0
2πrvib ϵ0
2πrvi ϵ0

(A.36)

The potential difference across the outer beam - inner beam gap is given by
Z

ro

ϕo − ϕi = −

Er3 dr =
ri

Ii
ln (ro/ri )
2πϵ0 vi

p
2πϵ0 c3 ( γi2 − 1) (γo − γi )
Ii =
.
η ln(ro/ri )
γi

(A.37)

(A.38)

Multiplying Eq. A.38 by both sides by ln(ra/ri ) yields
2πϵ0 c3
r
a
Ii ln( /ri ) =
η ln(ro/ri )
Using g =

ln(ro/ri )
ln(ra/ri )

p
γi2 − 1
(γo − γi ) ln(ra/ri ).
γi

(A.39)

p
γi2 − 1 (γo − γi )
.
γi
g

(A.40)

Eq. A.39 becomes
2πϵ0 c3
Ii =
η ln(ra/ri )

This equation for current Ii is our desired solution for the inner electron beam current
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in the system at z = z3 .
We have two unknowns (γo and γi ) in the equations for Io and Ii . Therefore, we
should now focus on finding the relativistic factor at the external boundaries for both
the inner and outer electron beams in the drift tube. We integrate over the volume
between radii ri and ra and cross-sections z = z1 and z = z3 and apply conservation
of momentum in the z direction for the system [2] shown in Fig. 3.6 to obtain
Z

ra
2
Er1
rdr

Z

ra
2
Er3
rdr =

−
ri

ri

po Io + pi Ii
.
πe0 ϵ0

(A.41)

In order to solve Eq. A.41, let us solve the LHS first by replacing Er1 and Er3 using
Eqs. 3.74, A.27, A.28 to obtain
Z

ra

LHS =

2
Er1
rdr

Z

LHS =

Using ϕa =

ϕa
ln(ra/ro )

c2
(γa − 1)
η

Z


−

Io+
2πϵ0 vo

from Eq. A.3, v =

c
γ

ro
2
Er3
rdr

−

(A.42)

ri

ro

2
ln(ra/ro )

2
Er3
rdr

−

ro



ra

2


ln(ra/ro )

−

Ii
2πϵ0 vi

2
ln(ro/ri ).

(A.43)

p
γ 2 − 1 from Eq. A.6, Io+ from Eq. A.31,

and Ii from Eq. A.40 in Eq. A.43, we obtain
"
#2
p
γo2 − 1(γa − γo )
c4 (γa − 1)2
2πϵ0 c3
p
−
ln(ra/ro )−
⇒ LHS = 2
η ln (ra/ro )
γo ln (ra/ro )
η 2πϵ0 γco γo2 − 1
q

2
2 − 1(γ − γ )
3
γ
o
i
i
2πϵ0 c

 ln(ro/ri )
q
γi ln (ro/ri )
η 2πϵ c γ 2 − 1
0 γi

⇒ LHS =

(A.44)

i

c4 (γa − 1)2
c4 (γa − γo )2
c4 (γo − γi )2
−
−
.
η 2 ln (ra/ro )
η 2 ln (ra/ro )
η 2 ln (ro/ri )
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p
Next we will solve the RHS of Eq. A.41 by replacing po = mo γo vo = me c γo2 − 1
p
and pi = mo γi vi = me c γi2 − 1 from Eq. A.7, and Io , Ii from Eqs. A.35 and A.40,
respectively, to obtain
"
#


2πme ϵ0 c4
(γo2 − 1) γa − γo γo − γi
(γi2 − 1) (γo − γi )
RHS =
−
+
.
ηπe0 ϵ0 ln(ra/ri )
γo
1−g
g
γi
g
(A.46)
Equating Eqs. A.45 and A.46 we obtain
"
c4 (γa − 1)2
c4 (γa − γo )2
c4 (γo − γi )2
2c4
(γo2 − 1)
⇒ 2
−
−
=
η ln (ra/ro )
η 2 ln (ra/ro )
η 2 ln (ro/ri )
η 2 ln(ra/ri )
γo
#


γa − γo γo − γi
(γi2 − 1) (γo − γi )
−
+
.
1−g
g
γi
g

Multiply both sides of Eq. A.47 by
Eq. A.17, and using 1 − g =

ln(ra/ro )
ln(ra/ri )

η2
c4

and ln(ra/ro ), replace

1−g
g

=

(A.47)

ln(ra/ro )
ln(ro/ri )

using

yields

"


(γo2 − 1) γa − γo γo − γi
1
−
g
2
2
2
=2
−
⇒ (γa − 1) − (γa − γo ) − (γo − γi )
g
γo
1−g
g
#
(γ 2 − 1) (γo − γi )
+ i
(1 − g).
γi
g
(A.48)
In summary, we have the following system of equations in Eqs. (A.49, A.50, A.51,
A.52, and A.54) to be solved:
p


γh2 − 1  γ − γ
γh − 1
a
h
−
,
ηγh ln (ra/ri )
1−g
g

2πϵ0 c3
Ih =
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2πϵ0 c3
Io =
η ln (ra/ri )

p


γo2 − 1 γa − γo γo − γi
−
,
γo
1−g
g

(A.50)

p
γi2 − 1 (γo − γi )
,
γi
g

(A.51)

2πϵ0 c3
Ii =
η ln(ra/ri )

2

2

21

(γa −1) −(γa −γh ) −(γh −1)



−g
2(γh2 − 1) γa − γh γh − 1
=
−
(1−g), (A.52)
g
γh
1−g
g

p
γh =

(8γa − 8)g + 9 − 1
,
2

(A.53)

"


1
−
g
(γo2 − 1) γa − γo γo − γi
2
2
2
⇒ (γa − 1) − (γa − γo ) − (γo − γi )
=2
−
g
γo
1−g
g
#
(γi2 − 1) (γo − γi )
(1 − g).
+
γi
g
(A.54)
We know that the current remains same in the system. Thus, the equation of the
current Ih for the outer electron beam in the plane z = z2 and the equation of the
current Io for the outer electron beam in the plane z = z3 are equal. Therefore, by
equating Ih = Io , we obtain
p

p



γh2 − 1  γ − γ
γo2 − 1 γa − γo γo − γi
γh − 1
2πϵ0 c3
a
h
−
=
−
.
η ln (ra/ri ) γh
1−g
g
η ln (ra/ri )
γo
1−g
g

2πϵ0 c3

(A.55)
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By removing the constant term from both sides of Eq. A.55, we have
p

 p 2


γo − 1 γa − γo γo − γi
γh2 − 1 γa − γh γh − 1
−
=
−
.
γh
1−g
g
γo
1−g
g

(A.56)

Now substituting the solution of γh from Eq. A.53 in Eq. A.56 yields

q
p
p
(8γa − 8)g + 9 + ((2 − 2γa )g − 3) −(2 (8γa − 8)g + 9 + (8γa − 8)g + 6)
p
2( (8γa − 8)g + 9 − 1)
p
((γi − γa )g + (γo − γi )) (γo − 1)(γo + 1)
=
.
γo
(A.57)
Let us assume that the LHS of Eq. A.57 is a constant as all variables are known here.
Thus assume,
p
q p
(8γa − 8)g + 9 + (2 − 2γa )g − 3
−2 (8γa − 8)g + 9 + (8γa − 8)g + 6
p

=C
2
(8γa − 8)g + 9 − 1
(A.58)
where γa = 1 +

ηϕa
c2

and g =

ln(ro/ri )
.
ln(ra/ri )

Therefore, Eq. A.57 becomes

p
((γi − γa )g + (γo − γi )) (γo − 1)(γo + 1) − γo C = 0.

(A.59)

We now have a system of nonlinear equation with two equations (Eqs. A.54 and
A.59) in two unknown variables. One equation is linear and one is nonlinear. We
solve the system of nonlinear equation using a Matlab solver and obtain the values
for γo and γi , which ultimately determine the current and the energy of the outer and
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inner electron beams in the drift tube.
Summary of the steps:

1. Apply boundary z = z2 at the end of the inner cathode.
2. Solve the equation for current of the outer electron beam in the plane z = z2 .
3. The outer electron beam current equation has γh . To obtain the solution for
γh , we integrate over the volume between radii ro and ra , and the cross-sections
z1 and z2 . Apply conservation of momentum in the z direction for the system.
4. After integration and some math, we obtain the solution for γh .
5. We use this γh in the expression for the outer electron beam current Ih in the
z2 plane and, thus, the current expression now has all known variables.
6. We follow similar steps to find the outer electron beam current Iob and the inner
electron beam current Iib far away from the cathode in the plane z = z3 .
7. Both current equations in the plane z3 have two unknowns γo , γi . Therefore, to
get the solutions for γo , γi , we integrate over the volume between radii ro and
ra , and cross-sections z1 and z3 . Apply the conservation of momentum in the z
direction for the system.
8. We now have a total of three equations to solve in the plane z = z3 .
9. Each of three equations has at least two unknown variables. So how do we solve
these?
10. We know that the current remains the same in the system.
11. Thus, we equate both electron beam currents Ih = Io in the planes z = z2 and
z = z3 .
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12. We now have a system of equations with two equations in two unknown variables. One equation is linear and one is nonlinear.
13. But this nonlinear system of equations is not possible to solve by using any
traditional method. Therefore, we use the Matlab solver to solve the nonlinear
system of equations to obtain the solutions for the two unknown variables γo
and γi which ultimately determine the electron beam currents and energies for
both beams.
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Table B.1: CST modeling of designing two-cathode based model to generate two electron
beams with different beam energies.

Proposed dual beam emitters in CST
Solid beam is in the middle and the outside
is annular beam
Two annular emitters

Two solid emitters

One solid cathode in the middle and
another slightly tilted annular beam outside
of solid cathode
Tuning fork-based with two-emitters

Tuning fork-based with three-emitters

Cathode with half-half diameter (one is
slightly smaller than other one)
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(a) All Particles(z,Pz )

(b) All Particles(z,Pr )

(c) All Particles(z,Pθ )

(d) All Particles(z,Ek (z))

(e) All Particles(z,Ek (ρ))

(f ) All Particles(z,Ek (θ))

Figure B.1: MAGIC simulations show (a) momentum of particles in z, (b) momentum of
particles in ρ, (c) momentum of particles in θ, (d) energy of particles in z, (b) energy of
particles in ρ, and (c) energy of particles in θ.
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(a) d = 0 mm

(b) d = 2.5 mm

(c) d = 5 mm

(d) d = 7.5 mm

(e) d = 10 mm

Figure B.2: MAGIC simulations show static electric field contour plot illustrates the
accelerating field for (a) d =0 mm, (b) d = 2.5 mm, (c) d = 5 mm, (d) d = 7.5 mm, and (e)
d = 10 mm.
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(a) Geometry for d=15 mm

(b) Vin , Vaxial

(c) Iib , Iob

(d) Ekib , Ekob

(e) Static electric field contour plot for d = 15 mm

Figure B.3: Simulation results of two nested MICDs (a) geometry of the problem, (b) applied (red) and axial (blue) voltages, (c) electron beam currents, (d) electron beam energies,
(e) static electric field contour plot illustrates the accelerating field for the radial position of
the inner cathode of 34 of the outer cathode’s radius and magnetic field strength 2 T.
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(a) Geometry for d = 20 mm

(b) Vin , Vaxial

(c) Iib , Iob

(d) Ekib , Ekob

(e) Static electric field contour plot for d = 20 mm

Figure B.4: Simulation results of two nested MICDs (a) geometry of the problem, (b) applied (red) and axial (blue) voltages, (c) electron beam currents, (d) electron beam energies,
(e) static electric field contour plot illustrates the accelerating field for the radial position of
the inner cathode of 34 of the outer cathode’s radius and magnetic field strength 2 T.
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(a) Geometry for d = 30 mm

(b) Vin , Vaxial

(c) Iib , Iob

(d) Ekib , Ekob

(e) Static electric field contour plot for d = 30 mm

Figure B.5: Simulation results of two nested MICDs (a) geometry of the problem, (b) applied (red) and axial (blue) voltages, (c) electron beam currents, (d) electron beam energies,
(e) static electric field contour plot illustrates the accelerating field for the radial position of
the inner cathode of 34 of the outer cathode’s radius and magnetic field strength 2 T.
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(a) Vin , Vout

(b) Iib , Iob

(c) Ekib , Ekob

(d) Axial E-fields

Figure B.6: Simulation results show (a) input (Vin ) and output (Vout ) voltages, (b) output
electron beam current for inner (Iib ) and outer (Iob ) beams, (c) output electron beam energy,
(d) axial electric field at the edge of the inner and outer cathodes by applying a magnetic
field strength of 300 T (basically infinite) in order to align with Fedosov’s theory [79].
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(a) Vin , Vout

(b) Iib , Iob

(c) Ekib , Ekob

(d) Axial E-fields

Figure B.7: Simulation results show (a) input (Vin ) and output (Vout ) voltages, (b) output
electron beam current for inner (Iib ) and outer (Iob ) beams, (c) output electron beam energy,
(d) axial electric field at the edge of the inner and outer cathodes by applying a magnetic
field strength of 3000 T (basically infinite) in order to align with Fedosov’s theory [79].
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Figure B.8: Plot shows (i) analytically calculated electron beam energy and current from
outer (solid blue, blue dash) and inner electron beam (red dot, red dash dot); (ii) MAGIC
PIC simulated electron beam energy and current from outer (blue circle, blue diamond) and
⃗ = 0.5
inner (red square, red triangle) electron beams as a function of applied voltages for B
3
T and rib = 4 rob .
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Figure B.9: Plot shows (i) analytically calculated electron beam energy and current from
outer (solid blue, blue dash) and inner electron beams (red dot, red dash dot); (ii) MAGIC
PIC simulated electron beam energy and current from outer (blue circle, blue diamond) and
⃗ =1
inner (red square, red triangle) electron beams as a function of applied voltages for B
3
T and rib = 4 rob .
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